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Abstract 

We develop the notion of stratifiability in the context of derived categories and the 
six operations for stacks in 23) 24 . Then we reprove the Lefschetz trace formula for 
stacks, and give the meromorphic continuation of L-series (in particular, zeta functions) 
of Fq-stacks. We also give an upper bound for the weights of the cohomology groups of 
stacks, and an "independence of ^" result for a certain class of quotient stacks. 

1 Introduction 

In topology there is the famous Lefschetz-Hopf trace formula, which roughly says that if 
f : X X is an endomorphism of a compact connected oriented space X with isolated 
fixed points, then the number of fixed points of /, counted with multiplicity, is equal to the 
alternating sum of the traces of /* on the singular cohomology groups H^{X,Q). 

There is also a trace formula in algebraic geometry, for schemes over finite fields, due 
to Grothendieck. It says that if Xq is a scheme over ¥q, separated and of finite type, and 
Fq is the g-geometric Frobenius map, then 

2 dim Xo 

#Xo(F,)= Yl i-imF„Hl{X,Qe)), 

i=0 

where Q^) is the £-adic cohomology with compact support. In fact he proved the 

trace formula for an arbitrary constructible sheaf. See [141 133} [TO] . 

Behrend conjectured the trace formula for smooth algebraic stacks over ¥q in his thesis 
and [1], and proved it in [2|. However, he used ordinary cohomology and arithmetic Frobe- 
nius (rather than compact support cohomology and geometric Frobenius) to prove the "dual 
statement", probably because at that time the theory of dualizing complexes of algebraic 
stacks, as well as compact support cohomology groups of stacks, were not developed. Later 
Laszlo and Olsson developed the theory of the six operations for algebraic stacks \23\ I24j. 
which makes it possible to reprove the trace formula, and remove the smoothness assump- 
tion in Behrend's result. Also we will work with a fixed isomorphism of fields i : — ?> C, 
namely we will work with i-mixed complexes, rather than mixed ones, and this is a more 
general setting (see (|2.8.ip ). 

Once we have the trace formula, we get a factorization of the zeta function into a possibly 
infinite product of L- factors, and from this one can deduce the meromorphic continuation 
of the zeta functions, generalizing a result of Behrend ([Ij, 3.2.4). Furthermore, to locate 
the zeros and poles of the zeta functions, we give a result on the weights of cohomology 
groups of stacks. 

We briefly mention the technical issues. As pointed out in [2], a big difference between 
schemes and stacks is the following. If / : Xq — >■ Yq is a morphism of Fg-schemes of finite 
type, and Kq G D^{Xq,Q£), then /^ii'o and f\Ko are also bounded complexes. Since often 
we are mainly interested in the simplest case when Kq is a sheaf concentrated in degree 



(for instance, the constant sheaf Q^), and is stable under and /i, it is enough 
to consider D\ only. But for a morphism / : — )• of Fg-algebraic stacks of finite 
typS) /* and /i do not necessarily preserve boundedness. For instance, the cohomology 
ring H*{BGm,Qe) is the polynomial ring Qe[T] with deg(r) = 2. So for stacks we have to 
consider unbounded complexes, even if we are only interested in the constant sheaf Q^. In 
order to define the trace of the Frobenius on cohomology groups, we need to consider the 
convergence of the complex series of the traces. This leads to the notion of an i-convergent 
complex of sheaves (see (|4.ip ). 

Another issue is the following. In the scheme case one considers bounded complexes, 
and for any bounded complex Kq on a scheme Xq, there exists a stratification of Xq that 
"trivializes the complex Kq" (i.e. the restrictions of all cohomology sheaves J^^Kq to each 
stratum are lisse). But in the stack case we have to consider unbounded complexes, and 
in general there might be no stratification of the stack that trivializes every cohomology 
sheaf. This leads to the notion of a stratifiable complex of sheaves (see (13. We need the 
stratifiability condition to control the dimensions of cohomology groups (see (j3.10p ). All 
bounded complexes are stratifiable (I3.4| y). 

Also we will have to impose the condition of i-mixedness, due to unboundedness. For 
bounded complexes on schemes, the trace formula can be proved without using this assump- 
tion, although the conjecture of Deligne (p], 1.2.9) that all sheaves are t-mixed is proved 
by Laurent Lafforgue. See the remark (j2.8.ip . 

We briefly introduce the main results of this paper. 

Fixed point formula. 

Theorem 1.1. Let he an Artin stack of finite type over ¥q, and let [^(F^)] be the set 
of isomorphism classes of the groupoid of¥q-points of ^q. Then the series 

regarded as a complex series via l, is absolutely convergent, and its limit is "the number of 
¥g-points of J^o" , namely 

^^,S..„ ray- 

Here Fg denotes the q-geometric Frobenius. To generalize, one wants to impose some 
condition (P) on complexes Kq E D~ {,3^q,Q£) such that 

(1) (P) is preserved by /i; 

(2) if a complex Kq satisfies (P), then the "naive local terms" are well-defined, and 

(3) trace formula holds in this case. 

The condition (P) on Kq turns out to be a combination of three parts: ^-convergence 
(which implies (2) for Kq), t-mixedness and stratifiability (which, together with the first 
part, implies (2) for /li^o)- See (14. 2p for the general statement of the theorem. These 
conditions are due to Behrend [2]. 

Meromorphic continuation. 

The rationality in Weil conjecture was first proved by Dwork, namely the zeta function 
Z{XQ,t) of every variety Xq over ¥q is a rational function in t. Later, this was reproved 
using the fixed point formula \14:\ 113). Following (p], 3.2.3), we define the zeta functions of 
stacks as follows. 
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Definition 1.2. For an ¥g-algebraic stack of finite type, define the zeta function 

as a formal power series in the variable t. 

Notice that in general, the zeta function is not rational (cf. §7). Behrend proved that, 
if ^0 is a smooth algebraic stack, and it is a quotient of an algebraic space by a linear 
algebraic group, then its zeta function Z(^Q,t) is a meromorphic function in the complex 
i-plane; if is a smooth Deligne-Mumford stack, then Z{^o,t) is a rational function ([T], 
3.2.4, 3.2.5). These results can be generalized as follows. 

Theorem 1.3. For every ¥q-algebraic stack ^ of finite type, its zeta function Z(^o,t) 
defines a meromorphic function in the whole complex t-plane. If ^ is Deligne-Mumford, 
then Z{^Q,t) is a rational function. 

See ()7.3.ip and ()8.ip for the general statement. 



A theorem of weights. 

One of the main results in ^ is that, if Xq is an Fg-scheme, separated and of finite 
type, and is an t-mixed sheaf on Xq of punctual /,-weights < w £ M, then for every n, 
the punctual t- weights of H'^(X, ^) are < w + n. The cohomology groups are zero unless 
< n < 2 dim Xq . We will see later (j7.2.ip that the upper bound w + n ioi the punctual 
i-weights does not work in general for algebraic stacks. We will give an upper bound that 
applies to all algebraic stacks. Deligne's upper bound of weights still applies to stacks for 
which all the automorphism groups are affine. 

Theorem 1.4. Let be an ¥q-algebraic stack of finite type, and let J^q be an L-mixed sheaf 
on with punctual t-weights < w, for some u) € M. Then the t-weights o///"(^,^) 
are < dim + ^ + w, and they are congruent mod TL to weights that appear in If 
n > 2dim^, then H^{^ , —) = on sheaves. If for all points x € ^(F) in the support 
of the automorphism group schemes Autx are affine, then the i-weights of H^{^ , ^) 
are < n + w. 

Organization. In §2 we review some preliminaries on derived categories of £-adic 
sheaves on algebraic stacks over ¥q and mixed complexes, and show that t-mixedness is 
stable under the six operations. 

In §3 we develop the notion of stratifiable complexes in the context of Laszlo and Olsson's 
£-adic derived categories, and prove its stability under the six operations. 

In §4 we discuss convergent complexes, and show that they are preserved by f\. In §5 
we prove the trace formula for stacks. These two theorems are stated and proved in |2j in 
terms of ordinary cohomology and arithmetic Frobenius, and the proof we give here uses 
geometric Frobenius. 

In §6 we discuss convergence of infinite products of formal power series, which will be 
used in the proof of the meromorphic continuation. In §7 we give some examples of zeta 
functions of stacks, and give the functional equation of the zeta functions and independence 
of i of Frobenius eigenvalues for proper varieties with quotient singularities (I7.3.2p . 

In §8 and §9, we prove the meromorphic continuation and the weight theorem respec- 
tively. Finally in §10 we discuss "independence of £" for stacks, and prove (110. 5p that for 
the quotient stack [Xq/Gq], where Xq is a proper smooth variety and Go is a linear algebraic 
group acting on Xq, the Frobenius eigenvalues on its cohomology groups are independent 
oft 
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Notations and Conventions 1.5. 

1.5.1. We fix a prime power q = p"" and an algebraic closure F of the finite field with q 
elements. Let F or Fg be the g-geometric Frobenius, namely the g-th root automorphism on 
F. Let ^ be a prime number, £ ^ p, and fix an isomorphism of fields Qi A C. For simplicity, 
let |a| denote the complex absolute value |ta|, for a S Q£. 

1.5.2. In this paper, by an Artin stack (or an algebraic stack) over a base scheme S, we 
mean an S-algebraic stack in the sense of M. Artin ([22], 4.1) of finite type. When we want 
the more general setting of Artin stacks locally of finite type, we will mention that explicitly. 

1.5.3. Objects over Fg will be denoted with an index q. For instance, will denote an 
Fg- Artin stack; if is a lisse-etale sheaf (or more generally, a Weil sheaf (|2.4p ) on 
then denotes its inverse image on ^ := F. 

1.5.4. For a field k, let Gal(A;) denote its absolute Galois group Gal{k^°^/k). By a variety 
over k we mean a separated reduced A;-scheme of finite type. Let VF(Fg) be the Weil group 

if of Fg. 

1.5.5. For a profinite group H, by Q^-representations of H we always mean finite-dimensional 
continuous representations ([8], 1.1.6), and denote by Rep^^{H) the category of such rep- 
resentations. 

1.5.6. For a scheme X, we denote by \X\ the set of its closed points. For a category we 
write [^] for the collection of isomorphism classes of objects in For example, if v > 1 is 
an integer, then [^(Fgi.)] denotes the set of isomorphism classes of Fg^-points of the stack 

This is a finite set. 

For X € ^o{¥gv) we will write k{x) for the field Fg^.. For an Fg-scheme Xq (always of 
finite type) and x G |^o|) we denote by k{x) the residue field of x. In both cases, let d{x) be 
the degree of the field extension [k{x) : Fg], and N{x) = g'^(^) = :^k{x). Also in both cases 
let X : Spec Fgi; — )■ (or Xq) be the natural map {v = d{x)), although in the second case 
the map is defined only up to an automorphism in Gal(A;(x)/Fg). Given a Kq G Dc{^o,Qi) 
(cf. §2), the pullback x*Kq £ Dc{Spec A;(x),Q^) = Dc(RepQ^{Gal{k{x)))) gives a complex 
Kx of representations of Gal(A;(2;)), and we let F^ be the geometric Frobenius generator 
Fgd(x) of this group, called "the local Frobenius" . 

1.5.7. Let y be a finite dimensional Q^-vector space and (f an endomorphism of V. For a 
function / : ^ C, we denote by X^y^ fi<^) the sum of values of / in a, with a ranging 
over all the eigenvalues of 99 on y with multiplicities. For instance, Y2vtp ^ ~ '^^(v'' 

A X 0-matrix has trace and determinant 1. For K E L'^(Q^) and an endomorphism 
(/? of K, we define (following [lOj) 

and 

det(l-^t,i^) := Yldet{l - H''{ip)t,H''{K))'^-^'>" . 

For unbounded complexes K we use similar notations, if the series (resp. the infinite 
product) converges (resp. converges term by term; cf. (|6.2p ). 

1.5.8. For a map f : X ^ Y and a sheaf ^ on we sometimes write H^{X,^) for 
H'^iXJ*^). We will write i/"(^) for i/"(jr,Q<,), and /i"(jr,^) for dimii''^( JT, ^), 
and ditto for H^{^) and h]^{^,^). 
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1.5.9. For an Fg-algebraic stack and a Weil complex Kq on ^q, by RT{,^^q, Kq) (resp. 
RTci^o, Kq)) we mean Rg^Kq (resp. Ra\KQ), where a : — )• Spec ¥g is the structural 
map. 

The derived functors Rf*, Rf\, Lf* and Rf' are usually abbreviated as f*, f\, f* ■, f' ■ But 
we reserve 0,J^om and Horn for the ordinary sheaf tensor product, sheaf Hom and Hom 
group respectively, and use (S)^ , RJ^om and RHom for their derived functors. 
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2 Derived category of ^-adic sheaves and mixedness 

We briefly review the definition in [23^ [M] for derived category of £-adic sheaves on stacks. 
Then we show that i-mixedness is stable under the six operations. As a consequence of 
Lafforgue's result (|2.8.ip . this is automatic, but we still want to give a much more elementary 
argument. The proof works for mixed complexes as well (|2.12p . One can also generalize 
the structure theorem of t-mixed sheaves in |8] to algebraic stacks ()2.7.ip . 

2.1. Let A be a complete discrete valuation ring with maximal ideal m and residual char- 
acteristic £. Let An = A/m""*"-^, and let A, be the pro-ring (A„)„. We take the base scheme 
5* to be a scheme that satisfies the following condition denoted (LO): it is noetherian affine 
excellent finite-dimensional, in which i is invertible, and all 5-schemes of finite type have 
finite ^-cohomological dimension. We denote hy X,y ■ ■ ■ Artin stacks locally of finite type 
over S. 

Consider the ringed topos £/ = s^{X) := Mod(<Y-[^_^^, A,) of projective systems {Mn)n 
of Ab(<Yiis-et) such that M„ is a A„-module for each n, and the transition maps are A-linear. 
An object M € ^ is said to be AR-null, if there exists an integer r > such that for every 
integer n, the composed map Mn+r Afn is the zero map. A complex K va. \s called 
AR-null, if all cohomology systems ^"^{K) are AR-null; it is called almost AR-null, if for 
every U in Lis-et(Af) (assumed to be of finite type over 5), the restriction of J^'^{K) to 
Et(C/) is AR-null. Let ^{s^) be the ordinary derived category of =2/. See ([22], 18.1.4) for 
the definition of constructible sheaves on <^iis-et- 

Definition 2.2. An object M = {Mn)n ^ is adic if all the Mn's are constructible, and 
for every n, the natural map 

is an isomorphism. R is called almost adic if all the M„ 's are constructible, and for every 
object U in Lis-et(A'), the restriction M\u is AR-adic, i.e. there exists an adic Njj E 
Mod(C/|^, A,) and a morphism Njj — )■ M|[7 with AR-null kernel and cokernel. 

A complex K in ^ is a A-complex if Jff'^(K) £ are almost adic, for all i. Let ^d-^) 
be the full triangulated subcategory of consisting of \- complexes, and let Dc{X,A) be 

the quotient of Q>c{s^) by the thick full subcategory of those which are almost AR-null. This 
is called the derived category of A-adic sheaves on X. 
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Remark 2.2.1. (i) Dc{X,A) is a triangulated category with a natural t-structure, and its 
heart is the quotient of the category of almost adic systems in £/ by the thick full subcat- 
egory of almost AR-null systems. One can use this i-structure to define the subcategories 
dI{X,A) for t = ±,^- 

If X/S is of finite type (in particular, quasi-compact), it is clear that K € ^cart('2^^) is 
AR-null if it is almost AR-null. Also if M € is almost adic, the adic system Nfj and 
the map Nu — > M\ij in the definition above are unique up to unique isomorphism, for each 
U, so by ([22j, 12.2.1) they give an adic system N of Cartesian sheaves on Aiis_et, and an 
AR-isomorphism A'^ — )• M. This shows that an almost adic system is AR-adic, and it is 
clear ([l3], p. 234) that the natural functor 

A-Sh(Af) ^ heart DciX,A) 

is an equivalence of categories, where A-Sh(A') denotes the category of A-adic (in particular, 
constructible) systems. 

(ii) Dc{X, A) is different from the ordinary derived category of Mod(r^iis_(St) A) with con- 
structible cohomology; the latter can be denoted by !^c{X,A). Here Mod(Aiis_<st, A) denotes 
the abelian category of A;t'-iiiodules, not adic sheaves A-Sh(Af). 

(iii) When S = Spec k for k a finite field or an algebraically closed field, and X = X 
is a separated S'-scheme, ([M], 3.1.6) gives a natural equivalence of triangulated categories 
between £'^(X, A) and Deligne's definition &!;{X,A) in ([8j, 1.1.2). 

2.3. Let vr : — > '^Us-et be the morphism of topoi, where tt~^ takes a sheaf F to the 
constant projective system (-F)n, and takes a projective system to the inverse limit. 
This morphism induces a morphism of ringed topoi (vr*, vr*) : (A'j?_^^, A,) — >• {Xns-et, The 
functor i?7r^, : ^d-s^) ^{X,A) vanishes on almost AR-nuh objects ([24], 2.2.2), hence 
factors through Dc{X,A). In ([21], 3.0.8), the normalization functor is defined to be 

K ^ K := LTT*R7r^K : Dc{X,A) 

This functor plays an important role in defining the six operations [23]. For instance: 

• For F G D-{X,A) and G G D+{X,A), Rjrom{F,G) is defined to be the image of 
RjromA,{F,G) in DdX,A). 

• For F,G & D~{X, A), the derived tensor product F G is defined to be the image 
of F G. 

• For a morphism f : X ^ y and F G D^(X,A), the derived direct image /*-F is 
defined to be the image of ff F. 

Let Ex be a finite extension of with ring of integers ^x. Following [21] we define 
Dc{X, Ex) to be the quotient of Dc{X, Gx) by the full subcategory consisting of complexes K 
such that, for every integer i, there exists an integer > 1 such that ^'^{K') is annihilated 
by A*^'. Then we define 

Dc[XMd = 2-colimE,D,{X,Ex), 
where Ex ranges over all finite subextensions of Qe/Qiy and the transition functors are 

Ex' ^E, - ■■ D,iX,Ex) ^ D,{X,Ey) 

fovExCEx'. 

2.4. Prom now on in this section, S = Spec Fg. We recall some notions of weights and 
mixedness from [8], generalized to Fg-algebraic stacks. 
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2.4.1. Frobenius endomorphism. For an F^-scheme Xq, let Fxq Xq — )■ Xq be the mor- 

phism that is identity on the underlying topological space and q-th power on the structure 
sheaf i^Xo ] this is an Fq-morphism. Let Fx : X X he the induced F-morphism Fxq x idp 
on X = Xo F. 

By functoriality of the maps Fxq, we can extend it to stacks. For an F^-algebraic stack 
J^o, define =^ to be such that for every F^-scheme Xq, the map 

sends a; to x o Fxq- We also define F^ : ^ ^ ^ to he F^^ x idp. This morphism 
is a universal homeomorphism, hence F^ and are quasi-inverse to each other, and 
Fk^F's^^Fs^.^F^u 

2.4.2. Weil complexes. A Weil complex Kq on is a pair (i^, (/?), where K G Dc{^, Q^) 
and (/? : F*^K —t- X is an isomorphism. A morphism of Weil complexes on is a morphism 
of complexes on ^ commuting with if. We also call Kq a Weil sheaf if is a sheaf. Let 
W{^o,Ql) be the category of Weil complexes on it is a triangulated category with the 
standard t-structure, and its core is the category of Weil sheaves. There is a natural fully 
faithful triangulated functor 

The usual six operations are well-defined on Weil complexes. 

• Verdier duality. The Weil complex structure on D^K is given by the inverse of the 
isomorphism 

D,rK Ds-F*^K ^ F*^Ds-K. 

• Tensor product. Let Kq and Lq be two Weil complexes such that K L (which is 
K (gi L since they are of Q^-coefficients) is constructible. This is the case when they are 
both bounded above. The Weil complex structure on K ® L is given by 

{K0L)^ F^-K 0F^L ^£^^ K^L. 

• Fullback. This is clear: 

F^f*K f*F^K ^ f*K. 

Here / : ^ — )■ ^ is an Fg-morphism and {K, ip) is a Weil complex on 

• Pushforward. Let / : JTq -)■ ^ and Kq G W+{£^o,Qe)- The Weil complex structure 
on f^,K is given by 

F;^f,K^f,F*^Kl^f,K, 

where the first arrow is an isomorphism, because it is adjoint to 

UK ^ F^,UF}^K ~ f,F^,F^K 

obtained by applying /* to the adjunction morphism K Fa^^,F^K, which is an isomor- 
phism. 

• The remaining cases f',f\ and RJ^om follow from the previous cases. 

In this article, when discussing stacks over F^, by a "sheaf or "complex of sheaves", we 
usually mean a "Weil sheaf or "Weil complex", whereas a "lisse-ctale sheaf or complex" 
will be an ordinary constructible Q^-sheaf or complex on the lisse-etale site of ^q. 

For X e ^Q {¥qv ) , it is a fixed point of F'^ , hence there is a "local Frobenius automor- 
phism" Fx : Kx — > Kx for every Weil complex Kq, defined to be 

KxC^KF^^x) = iF*^K)x^Kx. 
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2.4.3. t- Weights and i-mixedness. Recall that t is a fixed isomorphism — t- C. For 
a € Q^, let Wq{a) := 21ogq |ia|, called the i- weight of a relative to q. For a real number 
f5, a sheaf on ^ is said to be punctually L-pure of weight /3, if for every integer v > 1 
and every x € .%j{¥gv)^ and every eigenvalue a of acting on we have it)jv(x)(Q^) = 
We say is t-mixed if it has a finite filtration with successive quotients punctually l- 
pure, and the weights of these quotients are called the punctual weights of ^q. A complex 
Kq £ W{^o,Q£) is said to be t-mixed if all the cohomology sheaves J^^Kq are t-mixed. Let 
Wmi^o, Qe) (resp. Dm{^o,Qe)) be the full subcategory of t-mixed complexes in VF(=^0) Q^) 
(resp. D,{^o,Qe)). 

One can also define punctually pure sheaves, mixed sheaves and mixed complexes for 
algebraic stacks. 

* (J') 

2.4.4. Twists. For b e Q^, let be the Weil sheaf on Spec ¥q of rank one, where F 
acts by multiplication by b. This is an etale sheaf if and only if b is an £-adic unit ([8J, 
1.2.7). For an algebraic stack ^Q/¥q, we also denote by Qf^ the inverse image on of 
the above Weil sheaf via the structural map. If is a sheaf on we denote by J^lf^ 
the tensor product , and say that =^q*^ is deduced from by a generalized Tate 
twist. Note that the operation ^q'^ adds the weights by Wq{b). For an integer d, the 

usual Tate twist Qiid) is . We denote by {d) the operation ((i)[2(i] on complexes of 

sheaves, where [2d] means shifting 2d to the left. Note that t-mixedness is stable under the 
operation (d). 

Lemma 2.5. Let be an ¥q-algebraic stack. 

(i) If ^0 is an i-mixed sheaf on I^q, then so is every sub-quotient of ^q. 

(a) // — 7> —7- is an exact sequence of sheaves on and and 

are i-mixed, then so is ^o- 

(Hi) The full subcategory Wra{3^oMd (resp. DraiS^oM^)) ofW{.5^QMi) (resp. Dc{3^oMi)) 
is a triangulated subcategory with induced standard t-structure. 

(iv) If f is a morphism of ¥q- algebraic stacks, then f* on complexes of sheaves preserves 
i-mixedness. 

(v) If j : ^ is an open immersion and i : S^q ^ is its complement, then 
Kq £ VF(^,Q^) is i-mixed if and only if j*KQ and i*KQ are i-mixed. 

Proof, (i) If is punctually t-pure of weight /3, then so is every sub-quotient of it. Now 
suppose is t-mixed and is a subsheaf of c^q. Let be a finite filtration 

C • • • C .^^'^ C C • • • C ^0 

of ^0 such that Gr]^(^o) := '^o/'^o~^ is punctually t-pure for every i. Let W be the 
induced filtration W n of Then GrJ^ (=^o) is the image of 

#-^n^^C^^-Grf(^o), 

so it is punctually t-pure. Let = ^o/^o be a quotient of ^q, and let W" be the induced 
filtration of namely {^^'f := ^(5/(^^n^^). Then Grf '(^^') = ^(^/{^^'^ +^^n^^), 
which is a quotient of ^q/^q~^ = GrJ^(^o)i so it is punctually t-pure. Hence every sub- 
quotient of ^0 is t-mixed. 

(ii) Let W and W" be finite filtrations of and ^(f respectively, such that GrJ^ (=^o) 
and GrJ^ (^o') are punctually t-pure for every i. Then W' can be regarded as a finite 
filtration of such that every member of the filtration is contained in ,^q, and W" can 
be regarded as a finite filtration of such that every member contains Putting these 
two filtrations together, we get the desired filtration for 
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(iii) Being a triangulated subcategory means ([ID]) P-271) that, if Kq Kq Kq 
Kq[1] is an exact triangle in W{^o,Q£), and two of the three complexes are t-mixed, then 
so is the third. By the rotation axiom of a triangulated category, we can assume Kq and 
Kq are i- mixed. We have the exact sequence 

^ J^'^K'q jr"Ko ^ ^"K^' ^ • • • , 

and by (i) and (ii) we see that ^"Xq is t-mixed. 

Wmi^OiQe) has the induced t-structure because if Kq is i-mixed, then its truncations 
T<n,Ko and T>nKo are i-mixed. 

(iv) On sheaves, /* preserves stalks, so it is exact and preserves punctual i-purity on 
sheaves. Let / : ^ — ?• Given an i-mixed sheaf on let be a finite filtration 
of ^0 such that each Gr]^(^o) is punctually i-pure. Then f*W gives a finite filtration of 
f*^o and each Gr{ ^{f*^o) = /*Gr-^(^o) is punctually i-pure. So f*^o is t-mixed. For 
an i-mixed complex Kq on note that J^'^{f*KQ) = f* ^"^{Kq), hence f*KQ is t-mixed. 

(v) One direction follows from (iv). For the other direction, note that j\ and i* are exact 
and preserve punctual i-purity on sheaves. If ^0 is an t-mixed sheaf on ^q, with a finite 
filtration W such that each Gr[^(^o) is punctually i-pure, then for the induced filtration 
j\W of j!=^0) we see that Gr^'^(j!^o) = {^0) is punctually t-pure, so ji^o is i-mixed. 
For an t-mixed complex Kq on '^q, use J^^{j\KQ) = j\J^^{KQ). Similarly also preserves 
i-mixedness on complexes. Finally the result follows from (iii) and the exact triangle 

jlj*KQ ^Kq^ iJ*KQ ■ 

□ 

To show that t-mixedness is stable under the six operations, we need to show that l- 
mixedness of complexes on stacks can be checked locally on their presentations. To descend 
a filtration on a presentation to the stack, we generalize the structure theorem of t-mixed 
sheaves to algebraic spaces. Recall the following theorem of Deligne ([8], 3.4.1). 

Theorem 2.6. Let #0 be an i-mixed sheaf on a scheme Xq over ¥q. 

(i) has a unique decomposition ,^q = ©^giR/^ =^0(^)5 called the decomposition ac- 
cording to the weights mod Z, such that the punctual i-weights of ^Q{h) are all in the coset 
b. This decomposition, in which almost all the ^oib) are zero, is functorial in ^q. Note 
that each ^^{b) is deduced by twist from an i-mixed sheaf with integer punctual weights. 

(ii) If the punctual weights of ^0 are integers and is lisse, ^0 has a unique finite 
increasing filtration W by lisse subsheaves, called the filtration by punctual weights, such 
that GrJ^(^o) is punctually i-pure of weight i. This filtration is functorial in ^q. More 
precisely, any morphism between i-mixed lisse sheaves of integer punctual weights is strictly 
compatible with their filtrations by punctual weights. 

(iii) If ^0 is lisse and punctually i-pure, and Xq is normal, then the sheaf ^ on X is 
semi-simple. 

Remark 2.6.1. (i) If is an abelian category and & is an abelian full subcategory of 
and C is an object in ^, then every direct summand of C in lies in & (or isomorphic to 
some object in This is because the kernel of the composition 

A®B^ A"-^ A®B 

is 5. So direct summands of a lisse sheaf are lisse. If ^0 in (|2.6t ) is lisse, then each =^o(&) 
is lisse. 
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(ii) If the Q^-sheaf is defined over some finite subextension Ex of Qi/Qi, then its 
decomposition in (j2.6t ) and filtration in (j2.6t i) are defined over Ex- This is because the 
i?A-action commutes with the Galois action. 

(iii) In [8j Deligne made the assumption that all schemes are separated, at least in order 
to use Nagata compactification to define f\ . After the work of Laszlo and Olsson |23l I24j , 
one can remove this assumption, and many results in [8j, for instance this one and (3.3.1), 
remain valid. For ([8], 3.4.1) one can take a cover of a not necessarily separated scheme Xq 
by open affines (which are separated), and use the functoriality to glue the decomposition 
or filtration on intersections. 

Lemma 2.7. Let Xq be an ¥q-algebraic space, and an i-mixed sheaf on Xq. 

(i) ^0 has a unique decomposition .^q = ©{jg^/^ =^o(&)) the decomposition according 
to the weights mod Z, with the same property as in II 2. (M ). This decomposition is functorial 
in 

(ii) If the punctual i-weights of are integers and is lisse, has a unique finite 
increasing filtration W by lisse subsheaves, called the filtration by punctual weights, with 
the same property as in \2. Oi i). This filtration is functorial in ^q. 

Proof. Let P : Xq — > Xq be an etale presentation, and let = P*^o, which is also i-mixed 
()2.5t v). Let Xq be the fiber product 

Xq = Xq XXo Xq Xq 



P2 



P 



^0 p — ^-'^o- 

Then Xq is an Fg-scheme of finite type. 

(i) Applying (j2.6t ) to we get a decomposition J^q = 0hg]j/2 ^o(&)- For j = 1,2, 
applying pj we get a decomposition 



Since p* preserves weights, by the uniqueness in (|2.6t l. this decomposition is the decompo- 
sition of p*j^Q according to the weights mod Z. By the functoriality in ()2.6t ). the canonical 
isomorphism : pX-^q — )• ^2^0 takes the form ©^gK/^/Uf,, where : p*^q(&) — > P2=^o(^) 
is an isomorphism satisfying cocycle condition as ^ does. Therefore the decomposition 
■^0 — ©6gr/z^o(^) descends to a decomposition ^q = ©^gig/^ ^o(^)- We still need to 
show each direct summand ^Q{b) is mixed. 

Fix a coset b and consider the summand ^Q{b). Twisting it appropriately, we can as- 
sume that its inverse image ^o(6) is t-mixed with integer punctual /,- weights. By (I2.5i ^)and 
noetherian induction, we can shrink Xq to a nonempty open subspace and assume ^Q{b) 
is lisse. Then =^o(6) is also lisse, and applying (j2.6t i) we get a finite increasing filtration 
W of ^Q{b) by lisse subsheaves ^o(6)*, such that each Gr]^ (^o(&)) is punctually i-pure 
of weight i. Pulling back this filtration via pj, we get a finite increasing filtration p*W' of 

p*^Q{b), and since Gr^^ (p*^q(6)) = p*Gr-^ (^o(&)) is punctually t-pure of weight i, it 
is the filtration by punctual weights given by (|2.6t i). hence functorial. So the canonical 
isomorphism /if, : p\^Q(b) — >■ ^'2=^o(^) maps p*^o(&)* isomorphically onto P2=^o(^)*i satis- 
fying cocycle condition. Therefore the filtration W' of ^Q{b) descends to a filtration W of 
^o(&), and P*GiY {^Q{b)) = Gif {^[^{b)) is punctually t-pure of weight i. Note that P is 
surjective, so every point x G XQ{¥qv) can be lifted to a point x' G XQ(Fgnu) after some base 



10 



extension ¥qnv of ¥qv. This shows GrJ^(=^o(^)) is punctuahy i-pure of weight i, therefore 
^o(^) is mixed. This proves the existence of the decomposition in (i). 

For uniqueness, let = ^ ^o{b) be another decomposition with the desired prop- 
erty. Then their restrictions to Xq are both equal to the decomposition of ^g, which is 
unique ()2.6t ). so they are both obtained by descending this decomposition, and so they are 
isomorphic, i.e. for every coset b there exists an isomorphism making the diagram commute: 




^0. 

For functoriality, let % = be another /.-mixed sheaf with decomposition on Xq, 

and let ip : J^q — )• % be a morphism of sheaves. Pulling ip back via P we get a morphism 
if' : — 7> on Xq, and the diagram 








commutes. By (j2.6t ) ip' = 0<^'(6) for morphisms ip'{h) : =^o(6) — > and the diagram 



commutes for each b. Then the morphisms (p'{b) descend to morphisms (p(b) : ^o{b) %(^) 
such that </? = V'ib). 

(ii) The proof is similar to part (i) . Applying (j2.6t i) to on Xq we get a finite increasing 
filtration W' of by lisse subsheaves with desired property. Pulling back this filtration 
via pj : Xq — Xq we get the filtration by punctual weights of p^^^g. By functoriality 
in ()2.6t i). the canonical isomorphism ^ : p*^g Pt'^q maps pI^q isomorphically onto 
P2^Q satisfying cocycle condition, therefore the filtration W' descends to a finite increasing 
filtration W of ^g by certain subsheaves ^g. By ([22], 9.1) they are lisse subsheaves. 

For uniqueness, if W is another filtration of by certain subsheaves ^q with desired 
property, then their restrictions to Xq are both equal to the filtration W' by punctual 
weights, which is unique (j2.6t i). so they are both obtained by descending this filtration W' , 
and therefore they are isomorphic. 

For functoriality, let % be another lisse i-mixed sheaf with integer punctual /--weights, 
and let V be its filtration by punctual weights, and let ip : ^g — )• % be a morphism. Pulling 
ip back via P we get a morphism ip' : ^g — > '^q on X'q, and the diagram 
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commutes. By (|2.6t i) we have (^'(=^q*) C S^q*, and the diagram 

Pin' ^ Pin' 



flcg^ ' 



commutes for each i. Let : — t- be the restriction of y?'. Then they descend to 
morphisms : — )• $^9, which are restrictions of ip. □ 

Remark 2.7.1. One can prove a similar structure theorem of i-mixed sheaves on algebraic 
stacks over Fg : the proof of (j2.7p carries over verbatim to the case of algebraic stacks, 
except that for a presentation X'q ^q, the fiber product = Xq Xq may not be 
a scheme, so we use the case for algebraic spaces and replace every " (j2.6p " in the proof by 
" (|2.7p ". It turns out that (j2.61 ii) also holds for algebraic stacks, as a consequence of the 
proof of ()1.4p . As we will not use these results in this paper, we do not give the proof in 
detail here. See ([32], 2.1). 

Proposition 2.8. Let be an ¥q-algebraic stack, and let P : Xq be a presentation 

(i.e. a smooth surjection with Xq a scheme). Then a complex Kq € W{.!%^o,Qg) is t-mixed 
if and only if P*Kq (resp. P'Kq) is t-mixed. 

Proof. We consider P*Kq first. The "only if part follows from (j2.5t v). For the "if part, 
since P* is exact on sheaves and so Jif^{P* Kq) = P*,J^^{Kq), we reduce to the case when 
Kq = ^Q is a sheaf. So we assume the sheaf ^q := P*^q on Xq is i-mixed, and want to 
show ^Q is also t-mixed. The proof is similar to the argument in (j2.7p . 



Let Xq be the fiber product 



Xq = Xq -K Xq Xq 



P2 



P 



^0 p — ^ ^0- 

Then Xq is an algebraic space of finite type. Applying (j2.6n to we get a decomposition 
=^0 = ©fegK/z ^o(^)- For j = 1, 2, applying p* we get a decomposition 

P)^ = P*jnibl 

feeK/z 

which is the decomposition of p*j^Q according to the weights mod Z. By the functoriality 
in ()2.7n . the canonical isomorphism : pX'^q — > P2^o takes the form ©fegK/^/Ub, where 

: p\^Q{b) — >• P2^o(^) is an isomorphism satisfying cocycle condition as /i does. Therefore 
the decomposition of descends to a decomposition ^0 = ©6eR/z =^o(&)- The i- weights 
of the local Frobenius eigenvalues of ^o(^) at each point of are in the coset h. Next we 
show that ^o(&)'s are t-mixed. 

Replacing ^0 by a direct summand ^o{b) and then twisting it appropriately, we may 
assume its inverse image is t-mixed with integer punctual t- weights. By (j2.5K ^) we can 
shrink ^0 to a nonempty open substack and assume is lisse. Then is also lisse, and 
applying (j2.6t i) we get a finite increasing filtration W' of by lisse subsheaves ^q, such 
that each Gr]^ (^0) is punctually t-pure of weight i. Pulling back this filtration via pj, 

P*W' iirl 

we get a finite increasing filtration p*W' of p*^Q, and since Gr^^ {p*j-^o) = P^Gr^- (=^0) 
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is punctually i-pure of weight i, it is the filtration by punctual weights given by (j2.7t i). 
By functoriality, the canonical isomorphism /j, : Pi^q Pt^o i^^-ps Pi'^o isomorphically 
onto p2^Q 1 satisfying cocycle condition. Therefore the filtration W' of descends to a 
filtration W of and P*GrJ^(^o) = GrJ^ (=^0) is punctually t-pure of weight i. Since vr 
is surjective, Gvf {^q) is also punctually i-pure of weight i, therefore ^0 is t-mixed. 

Next we consider P'Kq. We know that P is smooth of relative dimension d, for some 
function d : 7ro(Xo) N. Let Xq be a connected component of Xq. Since ttqIXq) is finite, 

X^ is both open and closed in , so / : Xq — >■ — )• ^0 is smooth of relative dimension 
^(Xq). Then P*Kq is t-mixed if and only if f*KQ = j*P*KQ is t-mixed for the inclusion j 
of every connected component, if and only if /'Kq = f* Ko{d{XQ)) is i-mixed, if and only 
if P'Kq is i- mixed, since f'=j'P'=j*P'. □ 

Remark 2.8.1. As a consequence of Lafforgue's theorem on the Langlands correspondence 
for function fields and a Ramanujan-Petersson type of result, one deduces that all complexes 
on any Fg-algebraic stack is t-mixed, for any l. To see this, by (12.81 12.5l y.ii). we reduce to 
the case of an irreducible lisse sheaf on a smooth (in particular, normal) Fg-scheme. By 
([8], 1.3.6) we reduce to the case where the determinant of the lisse sheaf has finite order, 
and Lafforgue's result applies ([21], 1.3). In the following, when we want to emphasize the 
assumption of t-mixedness, we will still write 'Wm(^,Q£)", although it equals the full 
category W{^o,Qi)- 

Next we show the stability of i-mixedness, first for a few operations on complexes on 
algebraic spaces, and then for all the six operations on stacks. Denote by -Dj'q or just D 
the dualizing functor RJ^om{—,Kxo)i where is a dualizing complex on ([21] 5 §7). 

2.9. Recall ([19j. II 12.2) that, for Fg-schemes and bounded complexes of sheaves on them, 
the operations f*, f\, f* , f' , D and — — all preserve i-mixedness. Since we are working 
with Q^-coefficients, = (8). 

Lemma 2.10. Let f : Xq —^Yobea morphism of ¥q- algebraic spaces. Then the operations 
— (8) —,Dxo,f* and f\ all preserve L-mixedness, namely, they induce functors 

- - : iy„(Xo,Q,) X VF„(Xo,Q,) iy-(Xo,Q,), 
D : W^{XqMi) WmiX^M^r, 
/, : W+{XqMi) W+iY^Mi) and /, : iy„(Xo,Q,) W;^{YqMi)- 

Proof. We will reduce to the case of unbounded complexes on schemes, and then prove the 
scheme case. Let P : Xq — > Xq be an etale presentation. 

Reduction for ®. For Kq,Lq G W-{Xq,Qi), we have P*{Kq®Lq) = {P* Ko)®{P* Lq), 
and the reduction follows from ()2.8p . 

Reduction for D. For Kq G Wm(Xo, Q^), we have P*DKq = DP-Kq, so the reduction 
follows from (l2:8]l . 

Reduction for /* and f\. By definition (|24j. 9.1) we have /* = Df\D, so it suffices 
to prove the case for /i. Let Kq G W~{Xo,Q^), and let P' : Yq Yq and Xq Xq Xy^ Yq 
be etale presentations: 



9 




13 



By smooth base change ([21], 12.1) we have P'* f\KQ = f!h*KQ. Replacing / by /' we can 
assume Yq is a scheme. Let j : Uq ^ Xq be an open dense subscheme (p^, 11 6.7), with 
complement i : Zq Xq. Applying /i to the exact triangle 

jlj*Ko -^Ko^ iJ*Ko 

we get 

{fj)d*Ko f,Ko {fi)n*Ko ■ 

By (12.5t ii) and noetherian induction, we can replace Xq by Uq, and reduce to the case where 
/ is a morphism between schemes. 

This finishes the reduction to the case of unbounded complexes on schemes, and now 
we prove this case. 

For the Verdier dual Dx^, since the dualizing complex Kxq has finite quasi- injective 
dimension, for every Kq G Wm{XQ^Q,() and every integer i, there exist integers o and b 
such that 

and by ()2.9p . we see that DxqKq is /.-mixed. 

Next we prove the case of (8). For Kq and Lq G W^{Xq, Q^), we have 

Jif'-iKo Lo) = J^\Ko) je^iLo). 

i+j=T 

The result follows from (j2.9p . 

Finally we prove the case of /* and f\. Let Kq G W^{Xq, Q^). Then we have the spectral 
sequence 

and the result follows from (j2.9p and (j2.5t . ii). The case for f\ = Dft^D also follows. □ 

Finally we prove the main result of this section. This generalizes (|2j, 6.3.7). 

Theorem 2.11. Let f : he a morphism of ¥q- algebraic stacks. Then the oper- 

ations f*, f\, f* , f' , D_%g, — (8) — and RJ^om{—,—) all preserve i-mixedness, namely, they 
induce functors 

/. : W+{^oMd W+{%Mi), f\ ■■ W-{^oMe) W^{WoMi), 
f* : W^{%,Qe) Wn^i^ToM, f : WU%,Qi) Wm{^o,Qi), 
D : Wrr^i^oMe) W^^oMer, 
C5 : W-{^o,Qe) x W-{3ro,Q,) Ty^(^o,Q^) and 
RJ^om{-,-) : W-{^o,Qir x W+{^o,Qe) W+{:^o,Qi). 

Proof Recah from ([24J, 9.1) that /i -.^Df^D and /' := Df*D. By ([24J, 6.0.12, 7.3.1), for 

Ko G W-{^o,Qe) and Lq G VF+(^o,Q^), we have 

D{Ko (g) DLq) = R,^om{Ko O DLq, Kx„) = RJ^om{Ko, R.^om{DLo, K^^)) 
= RM'om{Ko,DDLo) = RJ^om{Ko, Lq). 

Therefore it suffices to prove the result for f^, f*,D and — — . The case of /* is proved in 
(|231 vl. 

For D : let P : Xq be a presentation. Since P*D = DP', the result follows from 

(fTHD and (I2T0]) . 
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For ® : since P*(Ko (g) Lq) = P*Kq P*Lo, the result follows from (gSD and (fXTUD . 

For and f\ : we will start with f\, in order to use smooth base change to reduce to 
the case when is a scheme, and then turn to /* in order to use cohomological descent. 

Let Kq G W^{~^o,Q£), and let P : Yq ^ be a presentation and the following diagram 
be 2-Cartesian: 

(=^o)yo— ^0 



p' 



p 



We have (|24J, 12.1) that P* f\KQ = f!P'*Ko, so by ([23]) we can assume % = Yq is a. 
scheme. 

Now we switch to where f : S^q —> Yq, and Kq G W+(^0) Q.e)- Let Xq he a 

presentation. Then it gives a strictly simplicial smooth hypercover Xq,, of : 

Xo,n '■= Xq X.^Tq • • • X,3i;;, Xq, 

' V ' 

rt+1 factors 

where each XQ^n is an Fg-algebraic space of finite type. Let /„ : Xo^n Yq be the restriction 
of / to Xo^n- Then we have the spectral sequence ([21], 10.0.9) 

El^ = R^fUKolxoJ =^ R'^'f*Ko. 

Since /j's are morphisms of algebraic spaces, the result follows from (|2.10p and (j2.5t . ii). □ 

Remark 2.12. In fact, we can take the dualizing complex to be mixed, and results 
in this section hold (and can be proved verbatim) for mixed complexes. In particular, 
mixedness is preserved by the six operations and the Verdier dualizing functor for stacks 
(if we take a mixed dualizing complex) . 



3 Stratifiable complexes 

In this section, we use the same notations and hypotheses in ()2.1|) . For the purpose of this 
article, it suffices to take S to be Spec k for an algebraically closed field k of characteristic 
not equal to £, but we want to work in the general setting (namely, any scheme that satisfies 
(LO)) for future applications; for instance see [32]. Let X,y--- be 5-algebraic stacks of 
finite type. By "sheaves" we mean "lisse-etale sheaves". "Jordan-Holder" and "locally 
constant constructible" are abbreviated as "JH" and "Icc" respectively. A stratification 5^ 
of an 5-algebraic stack <Y is a finite set of disjoint locally closed substacks that cover X. If 
^ is a Icc (A„);t'-niodule, a decomposition series of ^ is a filtration by Icc A;t'-subsheaves, 
such that the successive quotients are simple A;f -modules. Note that the filtration is always 
finite, and the simple successive quotients, which are (Ao)A'-modules, are independent (up 
to order) of the decomposition series chosen. They are called the JH components of ^ . 

Definition 3.1. (i) A complex K = {Kn)n £ ^d-^) is said to be stratifiable, if there 
exists a pair {J^,C), where y is a stratification of X, and C is a function that assigns to 
every stratum U ^ ^ a finite set C{U) of isomorphism classes of simple (i.e. irreducible) 
Icc Ao-modules on Uns-eti such that for each pair {i,n) of integers, the restriction of the 
sheaf Jif^{Kn) € Modc(<Yiis-eti A„) to each stratum U £ y is Icc, with JH components (as a 
All-module) contained in C{U). We say that the pair {y,C) trivializes K (or K is (o5^,£)- 
stratifiablej, and denote the full subcategory of {5^ , C)- stratifiable complexes by Siy^ci^)- 
The full subcategory of stratifiable complexes in Sid-^) is denoted by ^^^''^(i?/). 
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(a) Let Df^^{X,k) be the essential image of &f-^^{siif) in Dc{X,K), and we call the 
objects of D^^^^[X, A) stratifiable complexes of sheaves. 

(Hi) Let E\ be a finite extension ofQg with ring of integers G\. Then the definition above 
applies to A = Let Df^'^iX.Ex) be the essential image of Df^''{X , in Dc{X,Ex). 
Finally we define 

Df%X,Qe) = 2-colimE,Df-{X,Ex). 

Remark 3.1.1. (i) This notion is due to BeiHnson, Bernstein and Dehgne [3], and Behrend 
[2] used it to define his derived category for stacks. Many results in this section are borrowed 
from [2] , but reformulated and reproved in terms of the derived categories defined in |24j . 

(ii) Let ^ be a A„-sheaf trivialized by a pair C), and let 5^ be a sub-quotient sheaf 
of Then $^ is not necessarily trivialized by {^,C). But if ^ is Icc on each stratum in 

then it is necessarily trivialized by {J/',C). 

3.2. We say that the pair {J/",C') refines the pair £), if J/" refines J^, and for every 
V G y , U G y and L G CiU), such that V <Z the restriction L|v is trivialized by 
Ciy). Given a pair {S^,C) and a refined stratification 5^' of ^5^, there is a canonical way 
to define C such that [S^'^C) refines : for every V G y', we take C'{V) to be the 

set of isomorphism classes of JH components of the Icc sheaves L|v for L G C{U), where U 
ranges over all strata in J/' that contains V. It is clear that the set of all pairs {S^, C) form 
a filtered direct system. 

A pair {S^, C) is said to be tensor closed if for every lA ^ ,5^ and L, M £ C{U), the sheaf 
tensor product L (8)Ao M has JH components in CiU). 

For a pair {y,C), a tensor closed hull of this pair is a tensor closed refinement. 

Lemma 3.3. Every pair [5^ ,C) can be refined to a tensor closed pair [S^' ,C'). 

Proof. First we show that, for a Icc sheaf of sets ^ on <-fiis-cti there exists a finite etale 
morphism f : y ^ X oi algebraic S'-stacks such that f~^^ is constant. Consider the 
total space \^\ of the sheaf ^ . Precisely, this is the category fibered in groupoids over 
(Aff/5) with the underlying category described as follows. Its objects are triples (C/ G 
obj ( Aff/5) , ti G obj <Y(C/),s G {u~^J^){U)), and morphisms from {U,u,s) to {V,v,t) are 
pairs {f : U V,a : vf ^ u) such that t is mapped to s under the identification a : 
f~^v~'^^ = u~^^. The map {U,u,s) i-^ {U,u) gives a map g : [^] — )• X, which is 
representable finite etale (because it is so locally). The pullback sheaf g~^^^ on [^] has 
a global section, so the total space breaks up into two parts, one part being mapped 
isomorphically onto the base [^]. By induction on the degree of g we are done. 

Next we show that, for a fixed representable finite etale morphism y ^ X, there are 
only finitely many isomorphism classes of simple Icc Ao-sheaves on X that become constant 
when pulled back to 3^. We can assume that both X and y are connected. By the following 
lemma (I3.3.ip . we reduce to the case where y ^ X is Galois with group G, for some 
finite group G. Then simple Icc Ao-sheaves on X that become constant on 3^ correspond 
to simple left Ao[G] -modules, which are cyclic and hence isomorphic to Aq[G]/I for left 
maximal ideals / of Ao[G]. There are only finitely many such ideals since Ao[G] is a finite 
set. 

Also note that, a Icc subsheaf of a constant constructible sheaf on a connected stack is 
also constant. Let L be a Icc subsheaf on X of the constant sheaf associated to a finite set 
M. Consider their total spaces. We have an inclusion of substacks i : [L] ^ UmGM "^m' 
where each part X^. is identified with X. Then i~^{Xm) — > Xm is finite etale, and is the 
inclusion of a substack, hence is either an equivalence or the inclusion of the empty substack, 
since X is connected. It is clear that L is also constant, associated to the subset of those 
m G M for which i~'^{Xm) / 0. 
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Finally we prove the lemma. Refining 5^ if necessary, we assume all strata are connected 
stacks. For each stratum lA G o5^, let 3^ ^ be a representable finite etale morphism, 
such that all sheaves in C{W) become constant on y . Then define C'iJA) to be the set of 
isomorphism classes of simple Icc Ao-sheaves on Z^ns-et which become constant on y. For 
any L and M € C'iU), since all Icc subsheaves of L (8)Ao ^ are constant on 3^, we see that 
L (8>Ao ^ has JH components in C'ilA) and hence {y,C') is a tensor closed refinement of 

{y,c). □ 

Lemma 3.3.1. Let y ^ X he a representable finite etale morphism between connected 
S-algebraic stacks. Then there exists a morphism Z ^ y, such that Z is Galois over X, 
i.e. it is a G-torsor for some finite group G. 

Proof. Assume X is non-empty, and take a geometric point x ^ X . Let ^ be the category 
FEt(A') of representable finite etale morphisms to X, and let 

F : ^ ^ FSet 

be the fiber functor to the category of finite sets, namely F{y) = Homx{x,y). Note that 
this Horn, which is a priori a category, is a finite set, since y —?■ X is representable and 
finite. Then one can verify that {'if, -F : ^ — >■ FSet) satisfies the axioms of Galois formalism 
in ([l2], Exp. V, 4), and use the consequence g) on p. 121 in loc. cit. For the reader's 
convenience, we follow Olsson's suggestion and explain the proof briefly. Basically, we will 
verify certain axioms of (Gl) ~ (G6), and deduce the conclusion as in loc. cit. 

First note that which is a priori a 2-category, is a 1-category. This is because for 
any 2-commutative diagram 



y 




z 



X 



where y,Z G the morphism / is also representable (and finite etale), so Homx{y, Z) 
is discrete. By definition, the functor F preserves fiber-products, and F{X) is a one-point 
set. 

Let f : y Z he a morphism in then it is finite etale. So if the degree of / is 
1, then / is an isomorphism. This implies that the functor F is conservative, i.e. / is an 
isomorphism if F{f) is. In particular, / is a monomorphism if and only if F{f) is. This is 
because / is a monomorphism if and only if pi : y x z y y is an isomorphism, and F 
preserves fiber-products. 

Since f : y Z is finite etale, its image stack y' C Z is both open and closed, hence 
3^' ^ ^ is a monomorphism that is an isomorphism onto a direct summand of Z (i.e. 
Z = y Y[ y" for some other open and closed substack y" C Z). Also, since 3^ — 3" is epic 
and finite etale, it is strictly epic, i.e. for every 2 € the diagram 

Hom{y', Z) Hom{y, Z) ^ Hom{y Xy y, Z) 

is an equalizer. 

Every object 3^ in ^ is artinian: for a chain of monomorphisms 

>yn^ ^ 3^2 ^ 3^1 ^ 3^, 

we get a chain of injections 

■ ■ ■ ^ F{yn) ^ ■ ■ ■ ^ F{yi) ^ F{y), 
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which is stable since F{y) is a finite set, and so the first chain is also stable since F is 
conservative. 

Since F is left exact and every object in is artinian, by ([IS], 3.1) the functor F is 
strictly pro-representable, i.e. there exists a projective system P = {Pi] i G /} of objects in 
^ indexed by a filtered partially ordered set /, with epic transition morphisms fij : Pj 
Pi (i ^ j), such that there is a natural isomorphism of functors 

F Hom{P, — ) := coliuifH om{Pi, —). 

Let ipi : P ^ Pi he the canonical projection in the category Pro('^) of pro-objects of ^. 
We may assume that every epimorphism Pj Z in 'rf is isomorphic to Pj —4- Pi for some 
i < j. This is because one can add Pj Z into the projective system P without changing 
the functor it represents. Also one can show that the Pj's are connected (cf. loc. cit.), and 
morphisms in ^ between connected stacks are strictly epic. 

Given y £ 'rf, now we show that there exists an object Z X that is Galois and factors 
through y. Since F{y) is a finite set, there exists an index j I such that all maps P ^ y 

factors through P -4- Pj. This means that the canonical map 

P^yJ := yxx---xxy, where J := F{y) = Homp,,^.^){P, y) 



#J factors 



factors as 



P- 



B 



Let Pj Pi y^ be the factorization of A into a composition of an epimorphism and a 
monomorphism B. We claim that Pi is Galois over X. 

Since F{Pi) is a finite set, there exists an index k £ I such that all maps P Pi 

factors through P^ P^. Fix any u : P/j — >■ Pj. To show Pi is Galois, it suffices to show that 
Aut(Pi) acts on F{Pi) = Hom{Pk, Pi) transitively, i.e. there exists a a € Aut(Pj) making 
the triangle commute: 

Pk^^P^ 



Pi- 

For every u £ J = Hom{Pi,y), we have u o v £ Hom(Pk,y), so there exists a S 
Hom{Pi,y) making the diagram commute: 



Pk 



Pi 



■y. 



Since v is epic, the function u i— )• n' : J — > J is injective, hence a bijection. Let a : y"^ 
be the isomorphism induced by the map u' . Then the diagram 



Pk 



Pi 



Pi 



.yj 

a 

.yJ 



commutes. By the uniqueness of the factorization of the map Pk — )• y into the composition 
of an epimorphism and a monomorphism, there exists a a £ Aut(Pj) such that a ov = (pik- 
This finishes the proof. □ 
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We give some basic properties of stratifiable complexes. 

Lemma 3.4. (i) &^^^^{^) (resp. Df'^^{X , h)) is a triangulated subcategory of '^d-^) (resp. 
Dc{X,f^)) with the induced standard t-structure. 

(ii) If f : X y is an S-morphism, then f* : &c{^{y)) S>c{-s^{X)) (resp. f* : 
Dc{y,A) — )• Dc{X,A)) preserves stratifiability. 

(Hi) If ^ is a stratification of X, then K € &c{-^{'^)) is stratifiable if and only if K\v 
is stratifiable for every V G J/'. 

(iv) Let P : X ^ X be a presentation, and let K = {Kn)n G Sic{^{'^))- Then K is 
stratifiable if and only if P*K is stratifiable. 

(v) Df'^''{X,K) contains Dl{X,K), and the heart of Df^^^iX^K) is the same as that of 

Dc{x,A) ^EKM). 

(vi) Let K E ^c(i2/) be a normalized complex (\24^ , 3.0.8). Then K is trivialized by a 
pair {y,C) if and only if Kq is trivialized by this pair. 

(vii) Let K € &f^'^{£^). Then its Tate twist K{1) is also stratifiable. 

Proof, (i) To show S>f'^^{£^) is a triangulated subcategory, it suffices to show ([10], p. 271) 
that for every exact triangle K' ^ K ^ K" K'[^ in &c{-s^), if K' and K" are stratifiable, 
so also is K. 

Using refinement we may assume that K' and K" are trivialized by the same pair (^5^, C). 
Consider the cohomology sequence of this exact triangle at level n, restricted to a stratum 
lA G 5^ . By ([29j, 9.1), to show that a sheaf is Icc on Z//, one can pass to a presentation U 
of the stack lA. Then by ([25j, 20.3) and 5- lemma, we see that the J^'^{Knys are Icc on lA, 
with JH components contained in C{U). Therefore ^^^'^^{s^) (and hence D^^'^^{X , K)) is a 
triangulated subcategory. 

The t-structure is inherited by ^f-^^^snf) (and hence by Df^'^{X because, if if G 
Sic{-^) is stratifiable, so also are its truncations T<rK and T>rK. 

(ii) /* is exact on the level of sheaves, and takes a Icc sheaf to a Icc sheaf. If {Kn)n G 
&c{i^{y)) is trivialized by (^, £), then {f*Kn)n is trivialized by (/*^, /*£), where f*^ = 
{/~^(^)l^ £ and {f* C){f~^{V)) is the set of isomorphism classes of JH components 
of L G C{V). The case of Dc{-,A) follows easily. 

(iii) The "only if part follows from (ii). The "if part is clear: if {S^y^^v) is a pair on V 
that trivializes {Kn\v)n-, then the pair (^^a", jC) on X, where .^x = and C = {Cv}v£.yj 
trivializes {Kn)n- 

(iv) The "only if part follows from (ii). For the "if part, assume P*K is trivialized 
by a pair (yx,Cx) on X. Let U G be an open stratum, and let V C X be the image 
of U ([22], 3.7). Recah that for every T G AS/S, V{T) is the full subcategory of X{T) 
consisting of objects x that are locally in the essential image of U{T), i.e. such that there 
exists an etale surjection T' — )• T in AS/S and u' G U{T'), such that the image of u' in 
X{T') and x\x' are isomorphic. Then V is an open substack of X (hence also an algebraic 
stack) and P\ij : U ^ V is a presentation. Replacing P : X ^ X hy P\u : U V and 
using noetherian induction and (iii), we may assume J/'x = {X}- 

It follows from a theorem of Gabber [16] that P^, takes a bounded complex to a bounded 
complex. In fact, using base change by P, we may assume that P : y ^ X is a morphism 
from an S'-algebraic space Y to an S'-scheme X. Let j : U ^ Y he an open dense subscheme 
of Y with complement i : Z ^ Y. For a bounded complex L of A„-sheaves on Y, we have 
the exact triangle 

iPi)jL P,L iPj),j*L ■ 

Gabber's theorem implies that {Pj)^j*L is bounded, since Pj : U ^ X \s a morphism 
between schemes. Note that the dualizing functor preserves boundedness, so does v = 
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Dzi*DY, and therefore we may assume that {Pi)^vL is bounded by noetherian induction. 
It follows that P^L is bounded. 

Now take a pair C) on X that trivializes all P*L's, for L G Cx] this is possible since 
each Pt,L is bounded and Cx is a finite set. We claim that K is trivialized by (=5^,>C). 

For each sheaf ^ on X, the natural map =^ — >■ R^P^P*,^ is injective. This follows 
from the sheaf axioms for the lisse-lisse topology, and the fact that the lisse-etale topos and 
the lisse-lisse topos are the same. Explicitly, to verify the injectivity on Xu — )• U, for any 
u G X{U), since the question is etale local on U, one can assume P : Xjj — > U has a section 
s:U^Xu. Then the composition ^ R^P*P*^u ^ R^P*R^s^s*P*^u = ■^u of the 
two adjunctions is the adjunction for P o s = id, so the composite is an isomorphism, and 
the first map is injective. 

We take to be the cohomology sheaves M'^{Kn). Since P* M'^{Kn) is an iterated 
extension of sheaves in Cx-, we see that Pt^P* J^^{Kn)-, and in particular R^P:^P*J^'^{Kn), 
are trivialized by {S^,C) by (i). Since ^*(i^„) is Icc ([29j, 9.1), by (IHXTl il we see that 
Ji^'{Kn) (hence K) is trivialized by 

(v) It suffices to show, by (i) and (12. 2.11 ). that all adic systems M = {Mn)n ^ ^ are 
stratifiable. By (iv) we may assume X = X is sn S'-scheme. Since X is noetherian, there 
exists a stratification (|13j. VI, 1.2.6) of X such that M is lisse on each stratum. By (iii) 
we may assume M is lisse on X. 

Let C be the set of isomorphism classes of JH components of the Ag-sheaf Mq. We claim 
that C trivializes M„ for all n. Suppose it trivializes for some n > 1. Consider the sub- 

An-modules AM„ C M„[A''] C M„, where MnlX"] is the kernel of the map A" : M„ M„. 
Since M is adic, we have exact sequences of A^-modules 

^ AM„ ^ Mn —^Mq—^Q, 

^ Mn [A"] ^ Mn —^V^Mn—^ 0, and 

X^Mn -^Mn^ Mn-1 0. 

The natural surjection Mn/XMn — > M„/M„[A"] implies that £. trivializes X^Mn, and there- 
fore it also trivializes M„. By induction on n we are done. 

Since D\ C Df''^^ C Dc, and and have the same heart, it is clear that D^^"^^ has 
the same heart as them. 

(vi) Applying — (g)^ Kn to the following exact sequence, viewed as an exact triangle in 

Kn-l ^ An Ao 0, 

we get an exact triangle by (^24], 3.0.10) 

Kn-l Kn Kq ■ 

By induction on n and (|3.4.1|) below, we see that K is trivialized by (^S^, C) if Kq is. 

(vfi) Let K = {Kn)n- By definition K{1) = (K„(l))„, where K„(l) = Kn A„(l). 
Note that the sheaf A„(l) is a fiat A„-module: to show that — (8ia„ A„(l) preserves injections, 
one can pass to stalks at geometric points, over which we have a trivialization A„, ~ A„(l). 

Suppose K is (^5^, i2)-stratifiable. Using the isomorphism 

^\Kn) ®A„ A„(l) = ^\Kn 0t ^n(l))' 

it suffices to show the existence of a pair {y, C) such that for each U € y, the JH 
components of the Icc sheaves L (8)a„ A„(1) lie in C'{U), for all L G C{U). Since L is a 
Ao-module, we have 

L®A„A„(1) = (L®A„Ao)0A„A„(l) = L«)A„ (Ao0A„A„(l)) = L»a„Ao(1) = L0AoAo(1), 
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and we can take C'iU) to be a tensor closed hull of {Ao(l),i^ G CiU)}. 



□ 



Remark 3.4.1. In fact the proof of ()3.4t ) shows that !2y^c{-^) is a triangulated subcate- 
gory with induced standard t-structure, for each fixed pair {^,C). Let I?,y^£(<Y, A) be the 
essential image of S^y^ci^) iii -Dc('^)^)i and this is also a triangulated subcategory with 
induced standard t-structure. 

Also if El- =^ i?" is a spectral sequence in the category and the E^^s are 

trivialized by for all then all the i?"'s are trivialized by {S^,C). 

We denote by dI'^^^"^ {X , A) , for | = ±,6, the full subcategory of j-bounded stratifiable 
complexes, using the induced t-structure. 

The following is a key result for showing the stability of stratifiability under the six 
operations later. Recall that M i— > M = L7r*i?7r*M is the normalization functor, where 
TT : X is the morphism of topoi in ([Mj) 2.1), mentioned in (j2.3|) . 

Proposition 3.5. For a pair {y,C) on X, if M £ ^y\c{-^), then M E ^y^ci-^)' 

In particular, if K £ Dc{X,A), then K is stratifiable if and only if its normalization K G 

S^ci^^) is stratifiable. 

Proof. First, we will reduce to the case where M is essentially bounded (i.e. J^^M is AR- 
null for |i| ^ 0). Let P : X ^ X he a presentation. The £-cohomological dimension of X^^ 
is finite, by the assumption (LO) on S. Therefore, by (|24j. 2.1.i), the normalization functor 
for X has finite cohomological dimension, and the same is true for X since P*M = P*M, 
by ([21]) 2.2.1, 3.0.11). This implies that for each integer i, there exist integers a and b with 
a <b, such that J^*(M) = {T[a,b]M) . Since T^a.b]^ is also trivialized by {y,C), we may 
assume M e ^^^^{^/{X)). 

Since M is normalized, by (j3.4M ). it suffices to show that (M)o is trivialized by {y,£). 
Using projection formula and the flat resolution of Aq 

— ^A^A^Ao — ^0, 

we have ([M], P-176) 

(M)o = Ao (S>i Rn^M = i?7r,(7r*Ao M), 

where 7r*Ao is the constant projective system defined by Aq. Let C G ^^{,s/) be the complex 
of projective systems 7r*Ao <8)^^ M; it is a A-complex, and C„ = Aq M„ G ^c('^) Aq). 

Recall (|i3j, V, 3.2.3) that, a projective system {Kn)n ringed by A, in an abelian 
category is AR-adic if and only if 

• it satisfies the condition (MLAR) ([13], V, 2.1.1), hence (ML), and denote by {Nn)n 
the projective system of the universal images of (Kn)n', 

• there exists an integer A; > such that the projective system {Ln)n '■= {^n+k ^n)n 
is adic. 

Moreover, {Kn)n is AR-isomorphic to {Ln)n- Now for each i, the projective system 
=^*(C) is AR-adic (|2.2.1t ). Let N"^ = {N^)n be the projective system of the universal images 
of Jif^{C), and choose an integer k > such that the system = (L^)n = (A^^+fc ® ^n)n is 
adic. Since N^_^_f, C J^*(C„+fc) is annihilated by A, we have = N'f^_^f^, and the transition 
morphism gives an isomorphism 
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This means the projective system U is the constant system 'k*L'q- By ( |24j . 2.2.2) we have 
R-K^.^\C) ~ R-kM, which is just 4 by ([S], 2.2.3). 
The spectral sequence 

i2%*^^(C) =^ jr*+^((M)o) 

degenerates to isomorphisms Lq ~ ^*((M)o), so we only need to show that Lq is trivialized 
by (o5^,£). Using the periodic A„-flat resolution of Aq 

-A„^A„,^A„^A„^Ao^O, 

we see that Aq J^f^{Mn) is represented by the complex 

(M„) ^ jr^ (Mn) .^^ (M„) ^ 0, 

so ^*(Ao(SD;^ J^-' (M„)) are trivialized by ^C), for all i, j. Since M is essentially bounded, 
we have the spectral sequence 

^*(Ao 0t ^^'(M^)) ^ ^'+^'(C„), 

from which we deduce (by ()3.4.ip ) that the ^*(Cn)'s are trivialized by (o5^,>C). The uni- 
versal image A'^^ is the image of *(C„+.r) ^*(Cn) for some r » 0, therefore the A^^'s 
(and hence the L^'s) are trivialized by [5^,C). 

For the second claim, let K G Dc{X , A). Since K is isomorphic to the image of K under 
the localization ^c(^) Dc{X,K) ([24], 3.0.14), we see that K is stratifiable if K is. 
Conversely, if K is stratifiable, which means that it is isomorphic to the image of some 
M G ^^*'^''(i/), then K = M is also stratifiable. □ 

3.5.1. For K G Dc{X,K), we say that K is {y , C)- stratifiable if K is, and ()3.5p implies 
that K G L>^^^£(A', A) (cf. dHXTD ) if and only if is (^, /:)-stratifiable. 

Corollary 3.6. (i) If 5^ is a stratification of X, then K G Dc{X,K) is stratifiable if and 
only if K\v is stratifiable for every V G 5^ . 

(ii) Let K G Dc{X,K). Then K is stratifiable if and only if its Tate twist K{\) is. 

(Hi) Let P : X ^ X be a presentation, and let K G Dc.{X,h.). Then K is stratifiable if 
and only if P*K (resp. P'K) is stratifiable. 

Proof, (i) The "only if part follows from p.4t i). For the "if part, we first prove the 
following. 

Lemma 3.6.1. For an S -algebraic stack X locally of finite type, let N ^ M ^ C ^ -^[1] 
be an exact triangle in S!c{-^), where N is a normalized complex and C is almost AR-null. 
Then the morphism u is isomorphic to the natural map M — )• M. 

Proof. Consider the following diagram 




Since C is almost AR-null, we have (7 = by ([21], 2.2.2), and so u is an isomorphism. □ 
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Now let / : V — > be a morphism of S'-algebraic stacks, and let M G S!c{-^{'^))- We 
claim that f*M ~ f*M. Applying /* to the exact triangle 

M — *-M — — ^ 

we get 

PM FM -^f*C^- 

By ([23], 4.3.2), M„ = hocolimArr<ArM„, and — (8);^^ A„_i and /* preserve homotopy colimit 
because they preserve infinite direct sums. Now that r<ArM„ and A„-i are bounded above 
complexes, we have /*(r<ArM„ (g);^^ A„_i) ~ f*T<NMn A„_i (cf. the proof of ([25]. 
4.5.3)). Hence applying /* to the isomorphism 

we get an isomorphism 

and by ([M], 3.0.10), f*M is normalized. Also it is clear that f*C is AR-null. By ([HXB 
we have f*M ~ f*M. 

Therefore, the "if part follows from (j3.4[ ii) and (|3.5|) . since K\v ~ {K\v)- 

(ii) This follows from (j3.4M i). since K{1) = K(l). 

(iii) For P*K, the "only if part follows from ()3.4t i). and the "if part follows from 
(fOl v) and ([33]), since P*K = (P*K) ([24], 2.2.1, 3.0.11). 

Since P is smooth of relative dimension d, for some function d : vro(A) N, we have 
P-K ~ P*K{d)[2d\, so by (ii), P*K is stratifiable if and only if P-K is. □ 

Before proving the main result of this section, we prove some special cases. 

3.7. Let / : A — > y be a morphism of S-schemes. Then the A„-dualizing complexes Kx,n 
and Ky^u of X and Y respectively have finite quasi-injective dimensions, and are bounded 
by some integer independent of n. Together with the base change theorem for /i, we see 
that there exists an integer A^ > depending only on A, Y and /, such that for any integers 
a,h and n with n > and any M € ^i"''''(A, A„), we have f^M G ^1"'^+^^ (y, A„). This 
implies that for each n, the functor (defined using AT-injective resolutions; cf. ([31j, 6.7)) 

U : ^(A,A„) ^^(y,A„) 

restricts to 

: ^,(A,A„) ^i^,(y,A„). 

Moreover, for M G Si{s^{X)) with constructible ^•'(M„)'s (for all j and n) and for each 
i ^TL^ there exist integers a < b such that 

In particular, if M is a A-complex on A, then R^f^M is AR-adic for each i, and hence 
/^.M = {f<(Mn)n is a A-complex on Y. 
This enables us to define 

f,:D,{X,K) ^ D,{Y,K) 

to be AT I—)- Qft:K, where Q : ^d-^iY)) — )• Dc{Y,A) is the localization functor. It agrees 
with the definition in ([23], 8) when restricted to -D^(A, A), and for each i £ Z and K G 
Dc(A, A), there exist integers a <b such that R^f^^K ~ R^f^T^a^b]^. 
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Lemma 3.8. (i) If f : X is a morphism of S-schemes, and K € D(.{X,A) is trivialized 
by {{X},C) for some C, then f^K is stratifiable. 

(ii) Let X he an S -algebraic stack that has a connected presentation (i.e. there exists a 
presentation P : X ^ X with X a connected S -scheme). Let Kx and K'-^ be two A-dualizing 
complexes on X, and let D and D' be the two associated dualizing functors, respectively. Let 
K S Dc{X,K). If DK is trivialized by a pair where all strata in are connected, 

then D'K is trivialized by (=5^, C) for some other CJ . In particular, for stacks with connected 
presentation, the property of the Verdier dual of K being stratifiable is independent of the 
choice of the dualizing complex. 

(Hi) Let X he an S -algebraic stack that has a connected presentation, and assume that 
the constant sheaf A. on X is a dualizing complex. If K ^ Dc{X,h) is trivialized by a pair 
({Af},jC), then DxK is trivialized by {{X},C') for some C . 

Proof, (i) Since f^,K is the image of f^K, it suffices to show that f^K is stratifiable. Since 
/*L is bounded for each L ^ C, there exists a pair (=yV,£y) on Y that trivializes /*L, for 
all L £ C We claim that this pair trivializes EJ^ f^K^, for each i and n. 

Since R^f^,Kn = f*T[a,b]^^n for some a < b, and T[a,b]^^n is trivialized by {{X},C), we 
may assume Kn is bounded. The claim then follows from the spectral sequence 

RPf.J^'li{K)n) =^ W+'if.{{k)^) 

and (l3Xni . 

(ii) Recall that the dualizing complex Kx (resp. K'^^) is defined to be the image of a 
normalized complex Kx,» (resp. K'x ,)i where each Kx,n (resp. K'^ is a A„-dualizing 
complex. See ([M], 7.2.3, 7.2.4). 

Let P : X ^ X he a presentation where X is a connected scheme. Then we have 

P*R^om{Kx,n,K'x^r^) = RJ^om{P*Kx,n,P*K';^,n) = RJ^om{P'-Kx,n,P-K';^,n)- 

Since P^Kx^n and P^K'-^^ are A„-dualizing complexes on X, by ([l3], Exp. I, 2) we see 
that P* RJ^fom{Kx,n, K'x n) (and hence RJ^om{Kx,n, K'x n)) cohomologically concen- 
trated in one degree, therefore it is quasi-isomorphic to this non-trivial cohomology sheaf, 
appropriately shifted. So let RJ^om{Kx,n, K'^ ^) ~ Ln[rn] for some sheaf L„ and integer 
rn. Since P*Ln is invertible and hence Icc (cf. ([I3], p. 19)), the sheaf L„ is Icc ([29], 9.1). 

For every stratum U G S^, let Cq{U) be the union of C(U) and the set of isomorphism 
classes of the JH components of the Icc sheaf Lq\ii. Since all strata in ^ are connected, 
there exists a tensor closed hull of (oS^,£o) of the form {5^,C'), i.e. they have the same 
stratification 5^ . 

By (|24J, 4.0.8), the system (-L„[r„])„ = R.^om{{Kx,n)n-,{K'-^ Jn) is normalized, so 
by (I3XT]) . lylix = {Ln[rn])n, and by (IHIiVn. it is trivialized by (^,£')- Since DK is 
trivialized by {y,C'), so also is D'K, because TyK ~ DK ®^ lyKx. 

(iii) The assumption implies in particular that X is connected, so by (ii), the question 
is independent of the choice of the dualizing complex. By definition, K is trivialized by 
{{X},C), so are truncations of K. The essential image of RM'om{K,A,) in Dc{X,K) is 
DK, so by (f33T]) it suffices to show that RJfom{k,A,) G &{x},c'{'^) for some 

Since X is quasi-compact, each A„-dualizing complex is of finite quasi-injective dimen- 
sion, so for each integer i, there exist integers a and b such that 

J^'RJ^om{kn,An) = je'RJ^om{T[a,b]kn,An). 
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Using truncation triangles, we may further replace r^afil^n by the cohomology sheaves 
J^^Kn, and hence by their JH components. Therefore, it suffices to find an C that trivial- 
izes J^'RJi^om{L, Ao), for alH G Z and Le C. Note that RJ^om{L, Aq) = J^om{L, Aq) = 
is a simple Ao-sheaf, so one can take C = {L'^\L G £}. □ 

Remark 3.8.1. For any 5-algebraic stack X, the Verdier dual of a complex K G Dc{X , A) 
being stratifiable or not is independent of the choice of the dualizing complex. Let Kx and 
K'-Y be two dualizing complexes on X, defining dualizing functors D and D' , respectively. 
Let P : X ^ X he a. presentation, and let Kx = P'Kx and K'^ = P'K'-^, defining 
dualizing functors Dx and D'j^ on X, respectively. Suppose DK is stratifiable. To show 
D'K is also stratifiable, by (j3.6t ii) it suffices to show P'D'K = D'^P*K is stratifiable. 
Since DxP*K = P'DK is stratifiable by assumption, we may assume X = X is a. scheme. 
Since X is noetherian, it has finitely many connected components, each of which is both 
open and closed. Then the result follows from (13. 6t ) and (I3.81 i). 

Next we prove the main result of this section. 

Theorem 3.9. Let f : X ^ y be a morphism of S-algebraic stacks. Then the operations 
f„fuf*,f\Dx,-0^- andRM'omi-,-) all preserve stratifiability, namely, they induce 
functors 

A : D+'^'^^iX, A) Dp'^'^iy, A), /, : D-''''''{X, A) D-''''^{y, A), 
/* : ^(3^, A) Df^{X,A), /■ : Z)f ^(3^, A) Df^{X,A), 
D : Df^{X,A) Df^{X,A)°'P, 
. i:,-,str^^;Y, A) X D-''''%X, A) D-'^'^'^iX, A) and 
RJ^om{-,-) : D-''^'^{X,A)"P x Dp'^'^{X,A) D+''^'^{X , A). 

Proof. We may assume all stacks involved are reduced. 

We consider the Verdier dual functor D first. Let P : X ^ X he & presentation. Since 
P*D = DP', by (j3.6t ii) we can assume X = X is a scheme. Let K he a complex on X 
trivialized by (o5^,£). Refining if necessary, we may assume all strata in are connected 
and regular. Let j : U X he the immersion of an open stratum in with complement 
i : Z ^ X. Shrinking U if necessary, we may assume there is a dimension function on U 
(|30j. Definition 2.1), hence by a result of Gabber (loc. cit., Theoreme 0.2), the constant 
sheaf A on ?7 is a dualizing complex. Consider the exact triangle 

i*Dz{K\z) DxK^j,Du{K\u) ■ 

By (j3.8t ii) we see that Dij(K\i/) is trivialized by ({[/},£') for some C, so j:^Di/{K\u) is 
stratifiable (j3.81 ). By noetherian induction we may assume Dz{K\z) is stratifiable, and it 
is clear that preserves stratifiability. Therefore by (j3.4t l. DxK is stratifiable. 
The case of /* (and hence /') is proved in (j3.4t i). 

Next we prove the case of For i = 1,2, let Ki G D-{X,A), trivialized by A)- 
Let C) he a common tensor closed refinement (by (|3.3p ) of {S^i,Ci^, i = 1,2. The total 
tensor product Ki K2 is defined to be the image in Dc{X,A) of Ki K2, which by 
([21], 3.0.10) is normalized, so it suffices to show (by (j3.4M )) that 

Kifl (8)Ao ^2,0 = i?i,0 ^Ao ^2,0 
is trivialized by {5^,C). This follows from 

^'{Kifl ®A, K2,0) = ^'(i?l,0) ®Ao J^'{K2,0) 
i+j=T 
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and the assumption that C) is tensor closed. 

The case of RJ^om{Ki,K2) = D{Ki ®^ DK2) follows. 

Finally we prove the case of /* and /i. Let / : Af — > 3^ be a morphism of S-algebraic 
stacks, and let K G c^"^^ ^) some pair C). We want to show f\K is stratifiable. 
Let j : U ^ X he the immersion of an open stratum in with complement i : Z ^ X. 
From the exact triangle 

{fj)d*K hK {fi)n*K 

we see that it suffices to prove the claim for fj and fi. By noetherian induction we can 
replace X hy U. By (I3.61 ii) and smooth base change (pi], 12.1), we can replace 3^ by a 
presentation Y, and by (|3.6t l and ([21], 12.3) we can shrink Y to an open subscheme. After 
these reductions, we assume that 3^ = y is a regular irreducible affine 5'-scheme that has 
a dimension function on it, that K is trivialized by {{J\!},C), and that the relative inertia 
stack If := X x a,XxyXA ^"^^ components over X ([2], 5.1.14). Therefore 

by ([2], 5.1.13), / factors as X Z \ Y, where g is gerbe-like and h is representable (cf. 
([2], 5.1.3-5.1.6) for relevant notions). So we reduce to two cases: / is representable, or / 
is gerbe-like. 

Case when / is representable. By shrinking the 5-algebraic space X we can assume 
X = X \s a regular connected scheme that has a dimension function, so that the constant 
sheaf A on X is a dualizing complex. By (j3.8t ii) we see that DK is trivialized by some 
({X}, C), and by (13. 8t ). f*DK is stratifiable. Therefore f\K = Df^DK is also stratifiable. 

Case when / is gerbe-like. In this case / is smooth ([2], 5.1.5), hence etale locally 
on Y it has a section. Replacing Y by an etale cover, we may assume that / is a neutral 
gerbe, so / : B{G/Y) ^ 1" is the structural map, for some flat group space G of finite type 
over Y ([22], 3.21). By ([2J, 5.1.1) and (13. 6L ) we may assume G is a Y-group scheme. Next 
we reduce to the case when G is smooth over Y. 

By assumption Y is integral. Let k(Y) be the function field of Y and k(Y) an algebraic 
closure. Then G^^^^^ is smooth over k{Y), so there exists a finite extension L over k{Y) 
such that G^^j-ed is smooth over L. Let Y' be the normalization of Y in L, which is a 
scheme of finite type over S, and the natural map 1"' ^ 1" is finite surjective. It factors 
through y' — >■ Z — 7- y, where Z is the normalization of Y in the separable closure of k{Y) 
in L = fc(y'). So Z — )■ y is generically etale, and y' — )• Z is purely inseparable, hence a 
universal homeomorphism, so Y' and Z have equivalent etale sites. Replacing Y' by Z and 
shrinking Y we can assume y' — )• y is finite etale. Replacing Y by Y' (by (|3.6t i)l we assume 
Gred over y has smooth generic fiber, and by shrinking Y we assume G^ed is smooth over 

y. 

Gred is a subgroup scheme of G ([H], VIa, 0.2); let h : G^ed ^ G be the closed 
immersion. Then Bh : B(G^(,d/Y) ~^ ^{G/Y) is faithful and hence representable. It is 
also radicial: consider the diagram where the square is 2-Cartesian 

y^^- G/G,ed — - — - y 

p 

B{G,ed/Y)^B{G/Y). 

The map i is a nilpotent closed embedding, so g is radicial. Since P is faithfully flat, Bh is 
also radicial. This shows that 

{Bhy : D-{BiG/Y),A) ^ {BiG,,jY), A) 
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is an equivalence of categories. Replacing G by Gred we assume G is smooth over y, and 
hence P :Y ^ B{G/Y) is a connected presentation. 

Let d be the relative dimension of G over Y. By assumption, the constant sheaf A on 
y is a dualizing complex, and so /'A = A{—d) (and hence the constant sheaf A on X) 
is a dualizing complex on X. By (13.8[ ii). we see that DK is trivialized by a pair of the 
form {{X},C'). To show f\K is stratifiable is equivalent to showing that Df\K = fi^DK 
is stratifiable. So replacing K by DK, it suffices to show that f^K is stratifiable, where 
K G _D^^j ^{X, A) for some C. 

Consider the strictly simplicial smooth hypercover associated to the presentation P : 
Y — ^ B{G/Y), and let ft : G"^ ^ Y he the structural map. As in the proof of ()3.8t ). it 
suffices to show the existence of a pair {J^y, C-y) on Y that trivializes R^f^:L, for all L E £ 
and n G Z. From the spectral sequence ([2l], 10.0.9) 

4' = R'fij:P*L =^ R'+^hL, 

we see that it suffices for the pair {S^Yi^y) to trivialize all the ^^l-'-terms. Assume i > 1. 
If we regard the map : G* — )• y as the product map 

n/. no-n^-. 

i i i 

where the products are fiber products over Y, then we can write f^P*L as 

f^P*LMA, Ao Ma, ■■■Ma, Aq. 

Note that the scheme Y satisfies the condition (LO). By Kiinneth formula ([25, 11.0.14) 
we have 

fiJ*P*L = fuf^P*L 0Ao /i*Ao 0Ao • • • ^Aq /i*Ao- 

Since fufiP*L and /i*Ao are bounded complexes (by a theorem of Gabber [H]), there 
exists a tensor closed pair (J/yjCy) that trivializes them, for all L & C. The proof is 
finished. □ 

Consequently, the theorem also holds for Q^-coefficients. 

Finally we give a lemma which will be used in the next section. This will play the same 
role as ([2], 6.3.16). 

Lemma 3.10. Let X be a connected variety over an algebraically closed field k of character- 
istic not equal to £, and let C be a finite set of isomorphism classes of simple Icc Kq- sheaves 
on X. Then there exists an integer d (depending only on C) such that, for every lisse A-adic 
sheaf ^ on X trivialized by C, and for every integer i, we have 

dime Hi{X, ^ ®AE)<d- rank£;(^ ®a E), 

where E is the fraction field of A. 

Proof. Since C is finite and < z < 2dimX, there exists an integer d > such that 
dimAo Hl{X, L) < d ■ rankAg-L, for every i and every L ^ C. For a short exact sequence of 
Icc Ao-sheaves 

^ ^' ^ ^ ^ ^" ^ 
on X, the cohomological sequence 

• • • ^ Hl{X, W,{X, ^) Ht{X, -^■■■ 



27 



implies that diniAo H^iX,'^) < diniAo H^X,'^') + diniAo ^^(X,^"). So it is clear that if ^ 
is trivialized by C, then diniAg Hl{X,'i^) < d ■ rankAg^, for every i. 

Since we only consider ^ ®\ E, we may assume = {^n)n is flat, of some constant 
rank over A (since X is connected), and this A-rank is equal to 

rankAo^^o = rank£;(^ ®\ E). 

Hl{X,^) is a finitely generated A-module (|13j, VI, 2.2.2), so by Nakayama's lemma, the 
minimal number of generators is at most dimAo(Ao (^a Hl(X,,!^)). Similar to ordinary 
cohomology groups ([25j, 19.2), we have an injection 

Ao (S)AHi{X,^)^Hl{X,^o) 

of Ao-vector spaces. Therefore, dim^; H^^X, ^ E) is less than or equal to the minimal 
number of generators of Hl{X, ^) over A, which is at most 

dimAo (Ao Hi{X, ^)) < diniAo Hi{X, -^o) < d ■ rankAo^^o = d ■ rank£;(^ Oa E). 

□ 



4 Convergent complexes and finiteness 

We return to Fg-algebraic stacks • • • of finite type. A complex Kq £ W{^o,Q£) is 

said to be stratifiable \i K on ^ is stratifiable, and we denote by VF^*'^^(^0) Q^) the full 
subcategory of such complexes. Note that if Kq is a lisse-etale complex, and it is stratifiable 
on then it is geometrically stratifiable (i.e. on <^ is stratifiable). In turns out that in 
order for the trace formula to hold, it suffices to make this weaker assumption of geometric 
stratifiability. So we will only discuss stratifiable Weil complexes. Again, by a sheaf we 
mean a Weil Q^-sheaf. 

Definition 4.1. (i) Let K G Dc{Q_() and ip : K —?■ K an endomorphism. The pair {K,{p) 
is said to be an t-convergent complex ( or just a convergent complex, since we fixed l) if the 
complex series in two directions 

is convergent, for every real number s > 0. In this case let Tr{ip, K) be the absolutely 
convergent complex series 

n 

or its limit. 

(a) Let Kq € W~ {~3^o,Q£). We call Kq an /.-convergent complex of sheaves (or just a 
convergent complex of sheaves), if for every integer v >1 and every point x G :!^o{¥gv), the 
pair {Kx, Fx) is a convergent complex. In particular, all bounded complexes are convergent. 

(Hi) Let Kq € W'^ {^QjQ^) be a convergent complex of sheaves. Define 



and define the L-series of Kq to be the formal power series 

L(jro,i^o,i) = exp(^c,(^o,i^o)-) € C[[t]]. 
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The zeta function Z{^Q,t) in (|1.2|) is a special case: Z{^Q,t) = L{^Q,Q£,t). It has 
rational coefficients. 

Notation 4.1.1. We sometimes write c„(i^o) for c^{^q,Kq), if it is clear that Kq is on 
^0- We also write c^(<^o) for Cvi^OiQ.^)- 

Remark 4.1.2. (i) Behrend defined convergent complexes with respect to arithmetic Frobe- 
nius elements ([2], 6.2.3), and our definition is for geometric Frobenius, and it is essentially 
the same as Behrend's definition, except we work with t-mixed Weil complexes (which 
means all Weil complexes, by (|2.8.1|) ) for an arbitrary isomorphism t : — > C, while [2] 
works with pure or mixed lisse-etale sheaves with integer weights. Also our definition is a 
little different from that in [27]; the condition there is weaker. 

(ii) Recall that Aut^; is defined to be the fiber over x of the inertia stack — > ^q. It 
is a group scheme of finite type (p2], 4.2) over k{x), so KvLix{k{x)) is a finite group. 

(iii) If we have the following commutative diagram 

Spec ¥qvd — s- Spec ¥qv 

X 

then {Kx,Fx) is convergent if and only if {K-^,Fx') is convergent, because F^' = F^ and 
s 1-^ sd : M^'^ — )• M^*^ is a bijection. In particular, for a lisse-etale complex of sheaves, the 
property of being a convergent complex is independent of q and the structural morphism 
=^0 Spec ¥g. Also note that, for every integer v > 1, a complex Kq on is convergent 
if and only if Kq (g) Fg« on (g) ¥gv is convergent. 

We restate the main theorem in [2J using compactly supported cohomology as follows. 
It generalizes (|l.ip . We will prove it in this section and the next. 

Theorem 4.2. Let f : '3^q he a morphism of ¥q-algebraic stacks, and let Kq € 

Wm'^ ^^{,%j,i^£) be a convergent complex of sheaves. Then 

(i) (Finiteness) f\KQ is a convergent complex of sheaves on and 

(ii) (Trace formula) Cv{^o, Kq) = Cv{'3^o, f\KQ) for every integer v > 1. 

First we give a few lemmas. 
Lemma 4.3. Let 

K' — ^K — ^K" — - K'[l] 

K' — ^K ^K" — - K'[l] 

be an endomorphism of an exact triangle K' ^ K ^ K" — > K'\l] in Z)^(Q^). If any two 
of the three pairs {K',ip'), {K",(p") and {K,(p) are convergent, then so is the third, and 

Tv{ip, K) = Ti{ip\ K') + Try, K"). 

Proof. By the rotation axiom we can assume {K',ip') and {K",ip") are convergent. We 
have the exact sequence 

^ H'^iK') H'^iK) H'^{K") H''+^{K') ■ ■ ■ . 
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Since H'^{K) is an extension of a sub-object of H^{K") by a quotient object of H^{K'), 
we have 

H"{K),^ H"{K'),ip' H"(K"),^" 

for every real s > 0, so {K, ip) is convergent. 

Since the series X^„gz i/j '-'^ converges absolutely, we can change the order 

of summation, and the second assertion follows if we split the long exact sequence above 
into short exact sequences. □ 

Corollary 4.4. If K'^ — )■ Kq — > K'^ — )■ Kq[1] is an exact triangle in W~{^o,Q£), and two 
of the three complexes Kq,Kq and Kq are convergent complexes, then so is the third, and 
c,{Ko) = c,{K[,) + c,{K(^). 

Proof. For every x € ^^(Fgu), we have an exact triangle 



xv^ J^^x 



□ 



in (Q^), equivariant under the action of F^- Then apply ()4.3p 
Lemma 4.5. {4.2\j holds for f : Spec F^d Spec Fg. 
Proof. We have an equivalence of triangulated categories 

W^-(Spec Fg,Q^) ^ D-{RepQ^{G)), 



where G is the Weil group of F^. Let H be the subgroup F'^'^, the Weil group of F^d. 
Since / : Spec F^d Spec Fg is finite, we have f\ = f*, and it is the induced- module functor 



,[G],-) : D-{RepQ^{H))^D-{RepQ^{G)), 

j^jjl^j — . In particular, /; is 



which is isomorphic to the coinduced-module functor Q^[G] 
exact on the level of sheaves. 

Let A be a Q^-representation of H, and B = QglG] ^q^^jj-^ A. Let xi. 
ordered basis for A with respect to which F"^ is an upper triangular matrix 



, Xm be an 



OLr 



with eigenvalues cti, • 



, am- Then B has an ordered basis 
1 (g) xi, F (g) xi, ■ ■ 

1 (g) X2, F ®X2, ■ ■ 



F'^'^^xi, 

F'^-^®X2, 



l^Xm, F(^Xm, ■■■ , F'^ ^ ^X. 



with respect to which F is the matrix 
The characteristic polynomial of F on i? is Jli^iC^'^ — cti)- 



Ml * * 



* 

M„ 



where M,- 



ai 



1 
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Let Kq be a complex of sheaves on Spec F^d. The eigenvalues of F on ,3^'^{f\K) = 
f\Jif"'{K) are all the d-th. roots of the eigenvalues of F'^ on J^"'{K), so for every s > we 
have 

This shows that f\KQ is a convergent complex on Spec if and only if Kq is a convergent 
complex on Spec F^d. 
Next we prove 

c„(Spec ¥gd,Ko) = c„(Spec F,, f\Ko) 

for every t; > 1. Since H^{f\K) = f\H^{K), and both sides are absolutely convergent series 
so that one can change the order of summation without changing the limit, it suffices to 
prove it when = ^ is a single representation concentrated in degree 0. Let us review 
this classical calculation. Use the notation as above. For each i, fix a d-th. root a]^'^ of Oj, 

and let Cd be a primitive d-th root of unity. Then the eigenvalues of F on are Cd'^y'^^ for 
i = 1, ■ ■ • , m and A; = 0, • • • ,d — 1. 

11 d\ V, then Homif^ (F^d , Fq« ) = 0, so c„(Spec F^d, A) = 0. On the other hand, 

d-i 

c„(Spec F„ M) = Tr(F^ i?) = (fa/' = J2 E = 0" 

i,k i k=0 

Ud\v, then Homp, (F^d , Fg« ) = Homp, (F^d , F^d ) = Z/dZ. So 

On the other hand, 

c,(Fg,B) = Tr(F^S) 

□ 

Next, we consider BGq, for a finite group scheme Go over Fg. 

Lemma 4.6. Let Gq be a finite ¥q-group scheme, and let be a sheaf on BGq. Then 
H^{BG,^) = for all r / 0, and H^{BG,^) ~ H^{BG,^) has dimension at most 
rank(^). Moreover, the set of i-weights of H^{BG,^) is a subset of the L-weights of J^q. 

Proof. By (^27j, 7.12-7.14) we can replace Gq by its maximal reduced closed subscheme, 
and assume Gq is reduced, hence etale. Then Gq is the same as a finite group G(F) with 
a continuous action of Gal(Fg) ([26], 7.8). We will also write G for the group G{¥), if 
there is no confusion. Since Spec F — )• BG is surjective, we see that there is no non- 
trivial stratification on BG. In particular, all sheaves on BG are lisse, and they are just 
Q^-representations of G. 

BG is quasi-finite and proper over F, with finite diagonal, so by ([27j, 5.8), H^{BG, ^) = 
for all r 7^ 0. From (^7], 5.1), we see that if ^ is a sheaf on BG corresponding to the 
representation V of G, then H^{BG,^) = Vg and H^{BG,^) = , and there is a 
natural isomorphism 

v^^gv.Vc — > V^. 

gdG 

Therefore 

h°^{BG,^) = dimVc < dimF = rank(^), 
and the weights of Vg form a subset of the weights of V (counted with multiplicities). □ 



dTv{F\A) = dY^ 



a 



v/d 



E/-vk v/d v/d 



v/d 



v/d 



i,k 



i,k 
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4.7. (i) If A; is a field, by a k-algebraic group G we mean a smooth /c-group scheme of finite 
type. If G is connected, then it is geometrically connected ([llj, VIa, 2.1.1). 

(ii) For a connected /c-algebraic group G, let a : BG Spec k be the structural map. 
Then 

a* : A-Sh(Spec k) A-Sh(SG) 

is an equivalence of categories. This is because 

•BG has no non-trivial stratifications (it is covered by Spec k which has no non-trivial 
stratifications), and therefore 

• any constructible A-adic sheaf on BG is lisse, given by an adic system (M„)„ of sheaves 
on Spec k with G-actions, and these actions are trivial since G is connected. See ([2j, 5.2.9). 

(iii) Let Go be a connected F^-algebraic group. By a theorem of Serge Lang (|20j. Th. 
2), every Gg-torsor over Spec ¥q is trivial, with automorphism group Go, therefore 

= T^iGo) = #Go(F,.)- 

Recall the following theorem of Borel as in (f2], 6.1.6). 

Theorem 4.8. Let k be a field and G a connected k-algebraic group. Consider the Leray 
spectral sequence given by the projection f : Spec k BG, 

El' = H^iBGj:) H'iG^) =^ Q,. 

Let N' = E^'^-^ C H'{Gj) be the transgressive subspaces, for s > 1, and let N be the graded 
Q^-vector space ©5>i N'^. We have 

(a) . N' = if s is even, 

(b) . the canonical map /\N — *-if*(G^) is an isomorphism of graded Q^-algebras. 

(c) . The spectral sequence above induces an epimorphism of graded Q^-vector spaces 
H*[BG-j^) A^[— 1]. Any section induces an isomorphism 

Sym*{N[-l\)^H*{BG^). 

Remark 4.8.1. (i) The E^^'^-term in (gSD should be IT' {BG^, fMe), and R'f^^is a 
constructible sheaf on BG. By (I4.7t i). the sheaf R'^f^Qi is isomorphic to a* f* R'^ f^Q^ = 
a* H'{G-j^), where a : BG Spec k is the structural map and H'^{G-j:) is the Gal(/c)-module 
regarded as a sheaf on Spec k. Therefore by projection formula, E^' = H^{BG-j^)®H'{G-^). 

(ii) Since the spectral sequence converges to sitting in degree 0, all E"^ are zero, 
except E^. For each s > 1, consider the differential map d^^^ : -E^^^ — )• -E's+i'" on the {s + 
l)st page. This map must be injective (resp. surjective) because it is the last possibly non- 
zero map from E^'^ (resp. into -E*^^'"). Therefore, it is an isomorphism. Note that A^* = 
E^'^^ is a subspace of ^2'' = and ElXi^ is a quotient of ^2+^'° = H'+^{BG^). 

Using the isomorphism cPg^li we get the surjection H'~^^{BG^) N'^. 

4.8.2. Let Go be a connected Fg-algebraic group of dimension d. We apply (|4.8p to inves- 
tigate the compact support cohomology groups H*{BG). 

We have graded Galois-invariant subspaces = 0j,>i A^*^ C 0^>o H^{G) concentrated 
in odd degrees, such that the induced map 

/\N^H*{G) 



32 



is an isomorphism, and H*{BG) = Sym*A^[— 1]. Let = dimA^^', and let Vri, • • • ,Vrnr be 
a basis for N'^ with respect to which the Frobenius acting on N"^ is upper triangular 



with eigenvalues Ori,-" idmr- By ([8], 3.3.5), the weights of H'''{G) are > r, so \ari\ > 
> 1. We have 

H*{BG) = Sym*Q,(%-|for all = Q,[vi,], 
with deg{vij) = i + 1. Note that alH + 1 are even. In particular, H^'^^^{BG) 

H'^^{BG) = {homogeneous polynomials of degree 2r in Vij} 



and 



-^■Y,mij{i + l) = 2r). 



With respect to an appropriate order of the basis, the matrix representing F acting on 
H'^''"(BG) is upper triangular, with eigenvalues 



n 



a.- 



for 'mij{i + 1) = 2r. 



By Poincare duality, the eigenvalues of F acting on '^'^{BG) are q '^Yiij ^ij 



rfrr ^, for tu- 
ples of non-negative integers {mij)i^j such that • mjj(i-l-l) = 2r. Therefore the reciprocal 



characteristic polynomial of F on 



-2r-2d 



(BG) is 



P-2r-2d{BGo,t) 



n 



n 



In the following two lemmas we prove two key cases of (|4.2t ). 

Lemma 4.9. Let Gq be an ¥q-group scheme of finite type. Then ^.2}/ ,) holds for the 
structural map f : BGq —?■ Spec Fg and any convergent complex Kq E W~ {BGq, 



Proof. By ([271, 7.12-7.14) we may assume Go is reduced (hence smooth), so that the 
natural projection Spec BGq is a presentation. Note that then the assumptions of 

i-mixedness and stratifiability on Kq are verified automatically, by (|2.81 13.6t ii) , even though 
we will not use them explicitly in the proof. 

Let Gq be the identity component of Go and consider the exact sequence of algebraic 
groups 

l^G[]^Go^^o(Go)^l. 

The fibers of the induced map -BGo — > i?7ro(Go) are isomorphic to BGq, so we reduce to 
prove two cases: Go is finite etale (or even a finite constant group scheme, by (I4.1.2t ii)). or 
Go is connected and smooth. 

Case of Go finite constant. Let Gq/F^ be the finite constant group scheme associated 
with a finite group G, and let Kq € {BGq,Q_(). Again we denote by G both the group 
scheme Go ® F and the finite group Go(F), if no confusion arises. Let y be the unique point 
in Spec Fg, 

BG ^ BGq 



fy 



f 



Spec F^ Spec ¥g. 
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Then Q^) is equivalent to (RepQ^(G)), and the functor 

ify), : D-{BG/¥Mi) D-iSpec F,Q,) 

is identified with the coinvariance functor 

i)G:D-iRepQ^{G))^D-m, 

which is exact on the level of modules, since the category RepQ^(G) is semisimple. So 
{f\Ko)y = Uy)\K = Kg and ^"(i^c) = =^"(i^)G- Therefore 

M'"({fy),K),F J^"{K),F 

for every n G Z and s > 0. Therefore, if Kq is a convergent complex, so is JiKq. 
Case of Go smooth and connected. In this case 

/* : QrSh(Spec F^) Q,-Sh(i?Go) 

is an equivalence of categories (|4.7t i). Let d = dim Go, and let be a sheaf on i?Go, cor- 
responding to a representation V of the Weil group W{¥g), with /3i, • • • , /3m as eigenvalues 
of F. By the projection formula ([24|, 9.1.i) we have H^{BG,^) ~ H^{BG) (g) V, and by 
()4.8.2p the eigenvalues of F on H~'^''~'^''-{BG) ® V are (using the notation in (|4.8.2p ) 



for fc = 1, • • • , m and tuples {rriij) such that ^- + 1) = 2r. For every s > 0, 

m 

E E i«r= E'?-'i/5^i^ni«ri^ = (Ei/^^i1(E'?-'^nK-r"^'^-^)' 

neZ HJ}{BG)^V,F mij,k i,j k=l ruij i,j 

which converges to 

m ^ 

^-iEiAi')nT^- 

fc=l i,j ■' 

since |ajj|~^ < 1 and the product above is taken over finitely many indices. 

Let Kq be a convergent complex on BGq, and for each k let Vfc be a VF(Fg)-module 
corresponding to JP^Kq. For every x G -BGo(Fq) (for instance the trivial Go-torsor), the pair 
{J^^[K)x,Fx) is isomorphic to (14, F). Consider the VF(Fq)-equi variant spectral sequence 

Hl{BG,J^^{K)) =^ Hl+^{BG,K). 

We have 

E E H'<E E E H'=E E h' 

neZ H^{BG,K),F ngZ r+fc=n H^{BG,J^'= K),F r,k& Hl{BG)(^Vk,F 



EE E N- = E''-"(EH')nT^ 

k& reZ Hl{BG)'S)Vk,F k& Vk,F i,j 

(E ENor^-ni^^). 



where the first factor is convergent by assumption, and the product in the second factor is 
taken over finitely many indices. This shows that JiKq is a convergent complex. □ 
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Let Ex be a finite subextension of Q^/Q^ witli ring of integers A and residue field Aq, 
and let (S^, C) be a pair on ^ defined by simple Icc Ao-sheaves on strata. A complex 
Ko G W^^OjQi) is said to be , C)-stratifiable (or trivialized by {S^,C)), if K is defined 
over E\, with an integral model over A trivialized by {J>^,C). 

Lemma 4.10. Let X^/Fq be a geometrically connected variety, Ex a finite subextension 
of Qt/Qe with ring of integers A, and let C be a finite set of simple Icc Ao-sheaves on X. 
Then holds for the structural map f : Xq — > Spec Fg and all lisse i-mixed convergent 

complexes Kq on Xq that are trivialized by {{X},C). 

Proof. Let = dirnXg. From the spectral sequence 

E^^'' = Hl{X, ^^K) =^ Hl+^{X, K) 

we see that 

E E H'sE E E H-= E E H'. 

ngZ HJ^(X,K),F neZ r+k=n H'^iX,,)^'' K),F 0<r<2N W^{X,M''= K),F 



therefore it suffices to show that, for each < r < 2N, the series Ylkez Y^H^ix .^f^K) F 
converges. 

Let d be the number in (j3.10p for C. Each cohomology sheaf J^^Kq is t-mixed and lisse 
on Xo, so by (12. 6L ) we have the decomposition 



according to the weights mod Z, defined over Ex (|2.6.1t i). For each coset 6, we choose 
a representative 5o G 6, and take a 6i G such that Wq{bi) = —b^. Then the sheaf 
(J^"ii'o)(6)(^^^ deduced by twist is lisse with integer punctual weights. Let W be the 
filtration by punctual weights ([Mji) of {M"^KQ){b)'^^^\ For every u > 1 and x G Xo(Fg^,), 
and every real s > 0, we have 



s/v 

'"Koh,F^ n& {M-"Ko){b)-,F^ 



E E 

E ^'"^^'E E i"!^^'' 

n.eZ ieZ Gvf{(.je"Ko){b)(''i^)-,F:, 



qbos/2Y^is/2 . rank(Grf ((Jr"/^o)(&)^^'^))• 



Since Kq is a convergent complex, this series is convergent. 

For each n G Z, every direct summand (^"i^o)(^) of J^'^Kq is trivialized by {{X},C). 
The filtration W of each (jr"Ko)(6)(^^) gives a filtration of (jr"Ko)(6) (also denoted VF) 
by twisting back, and it is clear that this latter filtration is defined over Ex- We have 
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Grf'((J«^"Ko)(&)^^'^) = (Grf (jr"ifo)(fe))^''^\ and each Grf ((jr"i^o)(^)) is trivialized by 
{{X},C). By (I3I01), 

K{X,GTY{{^-K){ht-))) = h:{X,GTY{{je-K){b))) mi g.l.i) 

< (i-rank(Grf 
= d ■ rank(Grf 

Therefore 

E E i"i'= E E 

TieZ H;:(X,.je"K),F n& H^{X,{J^"K){b)),F 



< E ^^°^/^E E I 



< ^ g''o^/2^g(*+'-W2./i^(X,Grr((jr"K)(6)(^^))) 



and it converges. □ 

Now we prove (14.21 ) in general. 
Proof. We may assume all stacks involved are reduced. From ()2.1ip and (j3.9p we know that 

Let y G ^%(Fq«), and we want to show that {{f\KQ)y, Fy) is a convergent complex. Since 
the property of being convergent depends only on the cohomology sheaves, by base change 
(|24j. 12.5.3) we reduce to the case when = Spec ¥qv. Replacing q by q^ , we may assume 
V = 1. By (I4.1.21 ii) we only need to show that {RVc{^ ,K),F) is convergent. 

If j : "-^ J^o is an open substack with complement i : 3fo ^ ^q, then we have an 
exact triangle 

jlj*Ko -^Ko^ iJ*Ko 
in W~ {^o,Q£), which induces an exact triangle 

Rr,{%,j*Ko)^Rr,{^o,Ko)^Rr,{%,i*Ko) 

in M^~(Spec Fg,Q^). So by (14. 4p and noetherian induction, it suffices to prove ()4.2[ ) for a 
nonempty open substack. By ([2j, 5.1.14) we may assume that the inertia stack J^q is flat 
over Then we can form the rigidification tt : — > Xq with respect to J^o (l28j, §1.5), 
where Xq is an F^-algebraic space of quasi-compact diagonal. Xq contains an open dense 
subscheme ([iH], II, 6.7). Replacing by the inverse image of this scheme, we can assume 
Xq is a scheme. 

If (j4.2[ ) holds for two composable morphisms / and g, then it holds for their composition 
gof. Since RTd^o, — ) = RTc{Xq, —)ott\, we reduce to prove (j4.2n for these two morphisms. 
For every x € XoiYqv), the fiber of vr over x is a gerbe over Spec k{x). Extending the base 
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k{x) (|4.1.2t ii) one can assume it is a neutral gerbe (in fact all gerbes over a finite field are 
neutral; see (|2j, 6.4.2)). This means the following diagram is 2-Cartesian: 

BAutx — ^ ^0 

7T 

Spec Fqv^Xo. 

So we reduce to two cases: = BGq for an Fg-algebraic group Gq) or — Xq is an 
Fq-scheme. The first case is proved in (j4.9p . 

For the second case, given a convergent complex Kq G Wm'^ ^'^{Xq^Q^), defined over 
some E\ with ring of integers A, and trivialized by a pair (=5^, C) (C being defined over 
Aq) on X, we can refine this pair so that every stratum is connected, and replace Xq by 
models of the strata defined over some finite extension of ¥q (j4.1.2t ii) . This case is proved 
in (j4T0]l . □ 



5 Trace formula for stacks 

We prove two special cases of (|4.21 i) in the following two lemmas. 

Proposition 5.1. Let Gq be a finite etale group scheme over Fg, and a sheaf on BGq. 
Then 

ci{BGo,^o) = ci(Spec ¥q,Rr,{BGo,^o))- 

Proof. This is a special case of (|27). 8.6), on correspondences given by group homomor- 
phisms, due to Olsson. □ 

Proposition 5.2. Let Gq be a connected ¥q-algebraic group, and let be a sheaf on BGq. 
Then 

ci{BGo,^o) = ci(Spec ¥q, Rr,{BGo, ^o))- 

Proof. Let / : BGq — )• Spec ¥q be the structural map and d = dimGo. By (I4.7t i). the sheaf 
^0 on BGq takes the form f*V, for some sheaf V on Spec ¥q. By ()4.71 ii). we have 

By the projection formula we have LL^{BG, ^) ~ H^{BG) (Ei V, so 
Tr(F, H^iBG, ^)) = Tt{F, H^{BG)) ■ Tr(F, V). 

Then 

ci(Spec ¥q,RT,iBGo,^o)) = J^(-l)"Tr(F, ^)) 

n 

= TV(F,y)^(-l)"Tr(F,i/,"(i?G)), 

n 

SO we can assume = Qe- Using the notations in (|4.8.2p we have 
^(-l)"Tr(F,i/,"(i?G)) = Y,Tv{F,H-'^-''^{BG)) = J] ^"'11%"" 

n r>0 r>0 J] («+l)=2?' «>J 

TUij >0 

= E n «r^' = 11(1 + a-.^ + a-.^ + . . . ) 

mij>0 i,j i,j 
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It remains to show 

#Go(F,)=(z'^n(i -%•')• 

In (j4.8.2p , we saw that if each A^* has an ordered basis vn, - ■ ■ , Uj„ . with respect to 
which F is upper triangular, then since H*{G) = /\N, W[G) has basis 

such that Xl^i V = i, ir < ir+i, and if v = ir+i, then < jr+i- The eigenvalues of F 
on are Oj^jj • • • for such indices. By Poincare duality, the eigenvalues of F on 

H^'^~^{G) are q'^{ai^j^ ■ ■ ■ ai^j^)~^. Note that all the ir are odd, so 



2d — i = i = ir = m mod 2. 



r=l 

Applying the classical trace formula to Go, we have 

This finishes the proof. □ 

5.2.1. Note that, in (15. ip and ()5.2p we did not make explicit use of the fact that is 
i-mixed. 

Now we prove (j4.21 i) in general. 

Proof. Since c„(^Oi ^o) = ci(^o "SD F^i-, we can assume v = 1. We shall reduce 

to proving (j4.2t il for all fibers of / over F^-points of following the approach of Behrend 
m, 6.4.9). 

Let y G ^%(Fq) and {^o)y be the fiber over y. Then (^o)y(Fg) is the groupoid of 
pairs (x,a), where x € ^o{¥q) and a : /(x) — )■ y is an isomorphism in ^%(Fq). Suppose 
(jro)3/(Fg) 7^ 0, and fix an x G {^o)yi^q)- Then Isom(/(x), y)(Fg) is a trivial left Auty{¥g)- 
torsor. There is also a natural right action of Auta.(F|j) on Isom(/(x), y)(Fg), namely (p S 
Aut2,.(Fg) takes a to aof(ip). Under this action, for a and a' to be in the same orbit, there 
should he a ip (z Aut2;(Fg) such that the diagram 



commutes, and this is the definition for {x,a) to be isomorphic to {x,a') in {^o)y{¥q). So 
the set of orbits Isom(/(x), y)(Fq)/Auta;(Fq) is identified with the inverse image of the class 
of X along the map [{^o)y(^q)] l^oi^q)]- The stabilizer group of a G Isom{ f{x),y){¥q) 
is Aut(j,. Q,)(Fg), the automorphism group of {x,a) in (^o)?/(Fg). 

In general, if a finite group G acts on a finite set S, then we have 
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Now for S = Isom(/(x), y)(F^) and G = Aut^(Fg), we have 

(a;,Q:)H->'X 

the last equahty follows from the fact that S is a trivial Autj^(Fg)-torsor. 

If we assume (|4.2t i) holds for the fibers fy : {^o)y — ^ Spec ¥q of /, for all y G ^o{¥q), 
then 



3/e[?%(F,)] 

V- 1 V- Tr(F^,K^) 

^ #Aut„(F„) ^ #Autr^„)(F„) 

V \ y \ 



(a;,a)G[(,%)j,(F,)] 

A ,#Aut,(F„) ,^#Aut,(F„)*^'^^ '^^ 

?/eW(F,)] ^ ''^ xG[So(F,)] ^ 

Tr(F,,i^^) 



#Aut.(F,) =-^^^^°'^°^- 



So we reduce to the case when = Spec Fg. 

If iiTg — ^ -f^o ^ -f^o ~^ -^o[l] exact triangle of convergent complexes in Wm'^^^'^{^Q, Q.i), 
then by (|4.4p and (|4.21 ) we have 

ci(,ro, Ko) = ci(=ro, i^^) + ci(^o, i^o) 

and 

ci{%, frKo) = ci{%, frK'o) + ci{%, f^K^). 
If j : ^0 — ^ is an open substack with complement z : — > then 

ci(jro,j!i*i^o) = ci('%,r^o) and ci(^o, i*^*i^o) = ci(iro, z*Ko). 

By noetherian induction we can shrink ^ to a nonempty open substack. So as before we 
may assume the inertia stack J^q is flat over with rigidification vr : — > Xq, where 
Xq is a scheme. If (|4.2t i) holds for two composable morphisms / and g, then it holds for 
g o f. So we reduce to two cases as before: = is a scheme, or = BGq^ where 
Go is either a connected algebraic group, or a finite etale algebraic group over Fg. We may 
assume Xq is separated, by further shrinking (for instance to an affine open subscheme). 
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For a complex of sheaves Kq and an integer n, we have an exact triangle 



so 



ci{T<n+iKo) = ci(r<„Ko) + ci(^"(i^o)[-n]) 
= ci(r<„Ko) + {-irci{J^^{Ko)). 

Since Kq is bounded above, t<^nKq ~ Kq for 0. Since Kq is convergent, ci(T<„i^o) ^ 
absolutely as n ^ — oo, so the series X]nGz(~-'-)"'^i('^"(-^o)) converges absolutely to 
ci{Kq). 

Applying RTc we get an exact triangle 

RT,{a^Q,T<nKQ)^RT,{3t;Q,T^n+iKQ)^RT,{a^Q,M'^KQ)[-n] 

in 14/'~(Spec Fg,Q^). We claim that, for ^q = Xq a. scheme, or BGq, we have 

lim ci(Spec Fy,i?re(jro,T<„i^o)) = 

ra— ^— oo 

absolutely. Recall that ci{RT c{T<^nKQ)) = l)*tTr(F, r<„ir)), so we need to 

show 

|a[ ^ as n — )• — oo. 

Prom the spectral sequence 



we see that 



E E i«i^E E E i«i 

ieZ Hi{.X',T<nK),F i& r+k=i J/J(^,jr'=r<„if ),F 



= E E E 

k<n 

Let d = dim ^q (cf. 19. ip . In the cases where ^q is a scheme or BGq, we have H^{^ , ^) = 
for every sheaf ^ unless r <2d (cf. ()4.8.2p and (j4.6p ). Therefore 

EE E E E E H' 

ieZ r+k=i H;:{S\Jif>'K),F i<n+2d r+k=i H;:{S' K),F 

k<n 

and it suffices to show that the series 

EE E i"i 

iez r+k=i h;:{s\.j^>'K),f 

converges. This is proved for BGq in (j4.9p . and for schemes Xq in (|4.10p (we may shrink 
Xq so that the assumption in (I4.10p is satisfied). 

Note that in the two cases ^q = Xq or BGq, (j4.2t i) holds when Kq is a sheaf concen- 
trated in degree 0. For separated schemes Xq, this is a classical result of Grothendieck and 
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Verdier [HI [33]; for BGq, this is done in (|5.1|) and (|5.2|) . Therefore, for a general convergent 
complex Kq, we have 

ciiRr,{T<n+iKo)) = ci(iir,(r<„Ko)) + ci(/?re(jr"i^o)[-n]) 

and so 

ci(i2r,(i^o)) = V(-l)"ci(jr"i^o)+ lim ci(i?r,(r<„i^o)) = ci(Ko). 

n— oo 

□ 

Corollary 5.3. Let f : be a morphism of ¥q- algebraic stacks, and let Kq € 

iy--,htraj-^^ Q^-j ^ convergent complex of sheaves. Then 

L{^o,Ko,t) = L{%,f^Ko,t). 

6 Infinite products 

For a convergent complex Kq on ,^o> the series Ylv>i / v (and hence the L-series 
L{^Q, KQ,t)) usually has a finite radius of convergence. For instance, we have the following 
lemma. 

Lemma 6.1. Let Xq/Yq be a variety of dimension d. Then the radius of convergence of 
E.>iCv{Xo)tyv IS Xjq^. 

Proof. Let fxoif) = ^v>i^'"^-^'^)^^ /'^- be an irreducible component of Xq with 

complement Uq. Then c^(Xo) = c^{Yq) + c^{Uq)^ and since all the c^-terms are non-negative, 
we see that the radius of convergence of fxo (t) is the minimum of that of /y^ (t) and that 
of fuoit). Since max{dim(lo), dim({7o)} = d, and Uq has fewer irreducible component than 
Xq, by induction we can assume Xq is irreducible. 

Then there exists an open dense subscheme Uq C Xq that is smooth over Spec Fg. Let 
Zq = Xq — Uq, then dim(Zo) < dim(Xo) = d. From the cohomology sequence 

we see that H^'^{X) = H^'^{U) = Qi{-d). The Frobenius eigenvalues {aijjj on Hi{X) have 
i- weights < i, for < i < 2d {[8\, 3.3.4). By the fixed point formula, 

cy{Xo) _ q""^ +j2o<i<2di~^yj2j'^ij _ jd + -^Y.o<i<2di~^yY.ji-;^y 



which converges to 1/g'^ as f ^ cxd, therefore the radius of convergence of fxoit) is 

Cy{Xo)/v 1 
iim — = —7. 

v^oo Cv+i{Xo)/{v + 1) q'^ 

□ 

In order to prove the meromorphic continuation (18. ip . we want to express the L-series 
as a possibly infinite product. For schemes, if we consider only bounded complexes, the 
L-series can be expressed as a finite alternating product of polynomials Pn{XQ,KQ,t), so 
it is rational |14] . In the stack case, even for the sheaf Q^, there might be infinitely many 
nonzero compact cohomology groups, and we need to consider the issue of convergence of 
the coefficients in an infinite products. 
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Definition 6.2. Let fn{t) = '}Zk>o'^nkt^ £ ^[[A] ^ sequence of power series overC The 
sequence is said to be convergent term by term, if for each k, the sequence {ank)n converges, 
and the series 

lim fn{t) := y^ t'' lim a^k 
fe>0 

is called the limit of the sequence {fn{t))^- 

6.2.1. Strictly speaking, a series (resp. infinite product) is defined to be a sequence (o„)„, 
usually written as an "infinite sum" (resp. "infinite product") so that (a„)n is the sequence 
of finite partial sums (resp. finite partial products) of it. So the definition above applies to 
series and infinite products. 

Recall that log(l + g) = Em>i(-1)"'^^5"'M for g G tC[[t]]. 

Lemma 6.3. (i) Let fnit) = 1 + X^fc>i Onfc*'^ G '^[[t]] he a sequence of power series. Then 
{fnit))^ is convergent term by term if and only if (log/„(t))^ is convergent term by term, 
and 

lim log fnit) = log lim /„(t). 

n-^oo n—i-oo 

(a) Let f and g be two power series with constant term L Then 

log(/5) = log(/) + log(g). 

(Hi) Let fn{t) G l + tC[[t]] be a sequence as in (i). Then the infinite product Y\n>i fnit) 
converges term by term if and only if the series X]„>i log /n(i) converges term by term, and 

J2^0g fnit) =logll fnit). 
n>l n>l 

Proof, (i) We have 

log fnit) = ^(-l)™+^(^a„fci^y7m 

m>l fc>l 

= t-ani + t^ian2 - ^) + t^ianz - anian2 + -^) 
+ t (an4 — a„ia„3 — + a„ia„2j H 

= ■ ^ ] ^nkt^ ■ 
k>l 

In particular, for each k, Ank — ink = hiuni, • • • , a„^fc_i) is a polynomial in a^i, • • • , an,fc-i 
with rational coefficients. So if (a„fe)„ converges for each A;, then iAnk)n also converges, 
and by induction the converse also holds. If lim„_^oo o,nk = o,kj then lim„_^oo -^nk = o,k + 
hiai, ■ ■ ■ ,ak-i), and 

log lim fnit) = log(l + Vafei*^) = V(ajfc + /i(ai, • • • ,afe_i))i'= = lim log /„(*). 

n— >-oo ' ' n— >-oo 

k>l k>l 

(ii) log and exp are inverse to each other on power series, so it suffices to prove that for 
/ and g G iC[[i]], we have 

exp(/ + g) = exp(/) exp(c/). 
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This follows from the binomial formula: 



exp(/ + ,) = Y^if + gr/ni = E ^ E ( ^ ) /^'^-'^ = E E 

n>0 n>0 k=0 ^ ^ n>0 fc=0 

= E TT 4 = ( E /V^!) ( E ^Vj!) = exp(/) 



l\ V. 

i,j>0 •' i>0 jr>0 

(iii) Let Fjssify = 11^=1 Applying (i) to the sequence {Fj\i{t))N, we see that the 
infinite product nn>i fn{t) converges term by term if and only if (by definition) (FAr(t))^ 
converges term by term, if and only if the sequence ( log -Fat (t))^ converges term by term, 
if and only if (by definition) the series J2n>i ^^Sfnit) converges term by term, since by (ii) 

N N 
n=l n=l 

Also 

N 

log n log lim FN{t)= lim logF;v(0 = 1™ V^log fn{t) =: Y^log fn{t). 

n>l n=l n.>l 

□ 

6.4. For a complex of sheaves Kq on ^ and n S Z, define 

P„(^o,i^o,i) := det(l - Ft,H^{^,K)). 

We regard P„(.^, 0^"*^ as a complex power series with constant term 1 via l. 

Proposition 6.5. For every convergent complex of sheaves Kq G Wm^^^'^i'^^OiQe): the 
infinite product 

YlPn{^o,Ko,t)(-'y''-' 

neZ 

is convergent term by term to the L-series L{^q, KQ,t). 

Proof. The complex RTc{^ , K) is bounded above, so Pn{^o, KQ,t) = 1 for n » 0, and 
the infinite product is a one-direction limit, namely n —oo. 

Let 0!ni, ■ ■ ■ ) Onm„ be the eigenvalues (counted with multiplicity) of F on H^^[^ , K), 
regarded as complex numbers via t, so that 

Pn{t) = Pni^o, Ko, t) = {l- anit) •••(!- a„„^„^). 

By (j6.3t ii) it suffices to show that the series 

E(-ir'iogPn(t) 

neZ 

converges term by term to J2v>i (^v[KQ)t'" /v. 
We have 

E(-i)"+^ log Pn{t) = E(-i)"+^ log 11(1 - a„,t) = E(-i)" E E ^ 
= E 7 E(-ir E "™ = E '^c^iRum, 

which converges term by term (|4.2[ ). and is equal (j4.2[ i) to ^„>i c^{KQ)t^ jv. □ 
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Remark 6.5.1. In particular we have 

where Pn{^o,t) = Pn{^o,Qe,t). This generahzes the classical result for schemes ([14J, 5.1). 
When we want to emphasize the dependence on the prime i, we will write Pn/{^o,t). 

If Go is a connected F^-algebraic group, (j4.8.2p shows that the zeta function of BGq is 
given by 

z{BGo,t)=ii n (i-^-'n«r^-*)'' 

■r>0 mij>0 i,j 

™ij (j+l)=2r 

= n (i-'"'n°r'-')"- 

mij>0 i,j 

7 Examples of zeta functions 

In this section we compute the zeta functions of some stacks, and in each example we 
do it in two ways: counting rational points and computing cohomology groups. Also we 
investigate some analytic properties. 

Example 7.1. BGm- By (I4.7[ ii) we have c^(-BGm) = l/cy{Gm), so the zeta function is 
Z(5G„,t) = exp(^c4SG„)^) = ^^P( 2^^737 7) • 

?;>! ^ v>l ^ ^ 

Using Borel's theorem (j4.8p one can show (or see ([22j, 19.3.2)) that the cohomology ring 
H*{BGm) is a polynomial ring Q£[T], generated by a variable T of degree 2, and the global 
Frobenius action is given by FT" = q^T^. So by Poincare duality, we have 

TV(F,/7-2"-2(i?G™)) = T,{F,H~^^-\BG,^Mi{-mi<l 
= TT{F-\H^'\BGm))/q = q-''~\ 

This gives 

n PniBGm, i)(-^)"''' = n (1 - 9""*)"'- 

neZ n>l 

It is easy to verify (|6.5.ip directly: 

v>l ^ v>l ' ^ v>l n>l ^ 

=n«p(E^)=n(i 

n>l ?j>l n>l 

There is also a functional equation 

Z{BGm,qt) = j^Z{BG^,t), 

which implies that Z{BGm, t) has a meromorphic continuation to the whole complex plane, 
with simple poles at t = for n > 1. 

ff~^"~^(i?Gm) is pure of weight —2n — 2. A natural question is whether Deligne's 
theorem of weights ([8j, 3.3.4) still holds for algebraic stacks. Olsson told me that it does 
not hold in general, as the following example shows. 
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Example 7.2. BE, where E is an elliptic curve over F^. Again by (j4.7[ ii) we have 

1 



Cy{BE) 



Let a and /3 be the roots of the reciprocal characteristic polynomial of the Frobenius on 
H\E) : 

x'^ -{l+q-ci{E))x + q = Q. (7.2.1) 
Then for every > 1, we have Cy{E) = I - a'" - 13" + q" = {I - a^)(l - p"). So 

1 a-" p-'' 



c^{BE) 



(1 -a'')(l -/?") I -a-'' I -13-" 

n>l m>l n,m>l 



and the zeta function is 



ZiBE,t) = e.^{^c.iBE)'^)=e.^{ (^)>) = U ^ " ^)"- 



V>1 



n,m>l 



ra,m>l 



To compute its cohomology, one can apply Borel's theorem (j4.8p to E, and we have 
= N'^ = H^(E), so A^[— 1] is a 2-dimensional vector space sitting in degree 2, on which 
F has eigenvalues a and /3. Then H*{BE) is a polynomial ring Q£[a, 6] in two variables, 
both sitting in degree 2, and the basis o, h can be chosen so that the Frobenius action F on 
H'^{BE) is upper triangular (or even diagonal) 



Then F acting on 



a 7 
/3 



H^'^iBE) = Sym"A^[-l] = QX«", a"-^6, • • • , 6" 



can be represented by 



* * 

* * 

* 



with eigenvalues a", a" /3, • • • , /3". So the eigenvalues of F on {BE) are 



and n„ez^'«(^^,i)(-')"^' is 



(1 - q-H)[{l - q-^a-H){l - q-^p-H)][{l - q-^a-H){l - q-^a'^p-H){l - q-^p-H)] ■ ■ 

which is the same as Z{BE,t) above (since a/3 = q). 

Let Zi{t) := Z{BE,qt). Its radius of convergence is 1, since by (j6.ip 

^. c^{BE) c^+i{E) 
lim = hm = g. 
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There is also a functional equation 



Ziiat) 



1 



Zl{t)Z2{t) 



1 — at 



where 



^ (1 - a/3~H){l - a/3-H){l - a^-H) 
Z2{t) is holomorphic in the open unit disk and satisfies the functional equation 



1 



Z2{t). 



1 — at 



Therefore Z2{t), and hence Z{BE, t), has a meromorphic continuation to the whole complex 
i-plane with the obvious poles. 

Remark 7.2.1. H~'^~'^''^{BE) is pure of weight —2 — n, which is not < —2 — 2n unless 
n = 0. So the upper bound of weights for schemes fails for BE. This also leads to the failure 
of the decomposition theorem for BE; see ([32], §1) for the example of a pure complex on 
BE which is not geometrically semi-simple. 

Also note that, the equation (17.2. ip is independent of i, so the polynomials Pn^i{BE,t) 
are independent of I. 

Example 7.3. BGq, where Gq is a finite etale F^-group scheme, corresponding to a finite 
group G and a Frobenius automorphism cr on it. Then we have BGo{¥qv) ~ where 
p*-^^ is the right action of G on the set G given by /i : 5 i— > (h^^)gh. So 



Its cohomology groups are given in (j4.6p : H^{BG) = Q^, and other = 0. This verifies 



Note that Z{BGo, t) is the same as the zeta function of its coarse moduli space Spec Fg. 
As a consequence, for every F^-algebraic stack with finite inertia J^q — )• and coarse 
moduli space vr : ^ Xq ([T], 1.1), we have t) = Z(Xq, t), and hence it is a rational 

function. This is because for every x G Xo(¥gti), the fiber 7r~^(x) is a neutral gerbe over 
Spec k{x), and from the above we see that Cy{7r~^{x)) = 1, and hence c^(^o) = c„(Xo). 
The fact that Z{XQ,t) is a rational function follows from ([H], II, 6.7) and noetherian 
induction. More generally, we have the following. 

Proposition 7.3.1. Let be an ¥g-algebraic stack. Suppose that either has finite in- 
ertia, or is Deligne-Mumford (not necessarily separated). Then for every 
the L-series L(j2^, ii'o, t) is a rational function. 

Proof. It suffices to show that (|4.2p holds for the structural map ^0 — ^ Spec F^ and Kq G 
W''{^o,Qi) in these two cases. We will not make explicit use of the fact ()2.8.ip that Kq is 
t-mixed. 

Case when has finite inertia. Let tt : — > Xq be its coarse moduli space. 
For any sheaf ^0 on JTo, by ()4.6p we have isomorphisms H^{X, R^7r\^) ~ H^^{^ ,^), so 
RTc{^o, ^0) is a bounded complex, hence a convergent complex. To prove the trace formula 
for ^0 — ^ Spec ¥g and the sheaf ^q, it suffices to prove it for — > Xq and Xq — > Spec ¥q. 




and the zeta function is 



Z{BGo,t) 



1 



l-t 



(|63tD . 
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The first case, when passing to fibers, is reduced to BGq, and when passing to fibers again, 
it is reduced to the two subcases: when Gq is finite, or when Go is connected. In both of 
these two cases as well as the case of an algebraic space Xq — )• Spec F^, the trace formula 
can be proved without using i-mixedness (|5.2.ip . Therefore, (j4.2p holds for — ^ Spec ¥g 
and any sheaf, hence any bounded complex, on 

The trace formula is equivalent to the equality of power series 



and the right-hand side is a finite product, because RTci^o, Kq) is bounded. Therefore, 
L{^o, KQ,t) is rational. 

Case when is Deligne-Mumford. For both (i) and (ii) of (j4.2p . we may replace 
^0 by a non-empty open substack, hence by (p2], 6.1.1) we may assume is the quotient 
stack [Xq/G], where Xq is an affine Fg-scheme of finite type and G is a finite group acting 
on Xq. This stack has finite diagonal, and hence finite inertia, so by the previous case we are 
done. Also, we know that RTc^^^^o, Kq) is bounded, therefore L{^q, Ko,t) is rational. □ 

If one wants to use Poincare duality to get a functional equation for the zeta function, 
(|27j. 5.17) and ([24j, 9.1.2) suggest that we should assume to be proper smooth and of 
finite diagonal. Under these assumptions, one gets the expected functional equation for the 
zeta function, as well as the independence of £ for the coarse moduli space, which is proper 
but possibly singular. Examples of such stacks include the moduli stack of pointed stable 
curves ^g^n over ¥g. 

Proposition 7.3.2. Let S^q he a proper smooth ¥q-algebraic stack of equidimension d, with 
finite diagonal, and let vr : I%^q — > Xq he its coarse moduli space. Then Z(XQ,t) satisfies the 
usual functional equation 



where x '■= Yl'i=oi~^y ^i/i^o^t)- Moreover, W{X) is pure of weight i, for every < 
i < 2d, and the reciprocal roots of each Pi^i{XQ,t) are algebraic integers independent of £. 

Proof. First we show that the adjunction map — 7r*7r*Q^ = vr^Q^ is an isomorphism. 
Since vr is quasi-finite and proper ([3], 1.1), we have vr* = vri ([27J, 5.1) and K^niQi = for 
r 7^ (j2T]. 5.8). The natural map — )• R^tt^Q£ is an isomorphism, since the geometric 
fibers of n are connected. 

Therefore RT{3ro,Qe) = RT{Xo,Tr^Qe) = Rr{Xo,Qe), and hence ([27], 5.17) H'{^) ~ 
Hii^) ~ H'{X) ~ h{{X) for all i. Let Pi{t) = Pi{^o,t) = Pi{Xo,t). Since Xq is an 
algebraic space of dimension d, Pi{t) = 1 if i ^ [0, 2(i]. Since J^q is proper and smooth, 
Poincare duality gives a perfect pairing 



Following the standard proof for proper smooth varieties (as in (|25j. 27.12)) we get the 
expected functional equation for Z{^Q,t) = Z{XQ,t). 

H^{X) is mixed of weights < i ([8], 3.3.4), so by Poincare duality, it is pure of weight i. 
Following the proof in (|7j, p. 276), this purity implies that the polynomials Pi^£{Xo,t) have 



L{^o,Ko,t) = l[Pii^o,Ko,t)^-^y 




) = ±q'ix/2iXz(Xo,t), 



integer coefficients independent of i. 



□ 
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Remark 7.3.3. Weizhe Zheng suggested (|7.3.1|) to me. He also suggested that we give a 
functional equation relating L{^o, DKQ,t) and L{^q, KQ,t), for Kq G W^{^o,Q£), where 
^0 is a proper Fg-algebraic stack with finite diagonal, of equidimension d, but not neces- 
sarily smooth. Here is the functional equation: 

L(jro, Ko,t-^) = t^^-Q- L(jro, DKo, t), 

where Xc = Ei=o(-l)*^c('^> ^) and Q = (tX'=L(^o, ^0, i))|t=oo- Note that the rational 
function L{,!^q, KQ,t) has degree — Xo hence Q is well-defined. The proof is similar to the 
above. 

Example 7.4. BGLn- We have #GL7v(Fg.) = {q''^ - l){q''^ - q") ■ ■ ■ {q"^ - q''^^'^^), so 
one can use Cv{BGLiy) = 1/ Cv{GLn) to compute Z{BGLj^,t). One can also compute the 
cohomology groups of BGLn using Borel's theorem (j4.8p . We refer to ([1], 2.3.2) for the 
result. Let us consider the case N = 2 only. The general case is similar. 
We have 

and therefore 

N /^{t/q^y\ /^it/q^T\ /v-2(t/g6)^ 

Z{BGL,, t) = exp ( ^ • exp ( 5] • exp ( ^ 

11 I) V 

1 1 / 1 n2 / 1 n2 / 1 n3 



l-t/g5 \l-t/q^J \l-t/qV \l-t/q^ 
So Z{BGL2,qt) = Z{BGL2,t) ■ Zi{t), where 

" (l-t/g3)(l-t/g5)(l_t/g7)(i_i/^9)...- 
satisfies the functional equation 

So Zi{t), and hence Z{BGL2,t), has a meromorphic continuation with the obvious poles. 
The non-zero compactly supported cohomology groups of BGL2 are given as follows: 

H-^-^"{BGL2) = Qein + 4)® ( Lf J +0 , n > 0. 

This gives 

llPn{BGL2,t)(-''>"^' ^ 



- (1 - t/q^){l - - t/q^ni - t/q^)^ • • • ' 

and (16.5. ip is verified. Note that the eigenvalues are which are independent of £. 

8 Analytic continuation 

We state and prove a generalized version of (|1.3p . 
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Theorem 8.1. Let be an ¥ q-algebraic stack, and let Kq G Wm'^^^^{^Q,Qi) be a con- 
vergent complex. Then L{J^q, KQ,t) has a meromorphic continuation to the whole complex 
t-plane, and its poles can only be zeros of the polynomials P2n{^o, Ko^t) for some integers 
n. 

We need a preliminary lemma. For an open subset f/ C C, let ff{U) be the set of 
analytic functions on U. There exists a sequence {Kn}n>i of compact subsets of U such 
that U = \J^Kn and C (i^„+i)°. For / and g in ^(C/), define 

pM,g) = sup{\f{z)-g{z)\;zGK^} and = (^)" 

^V2/ l + pn{f,g) 

Then p is a metric on ^{U) and the topology is independent of the subsets {Kn}n chosen 

(cf. m, VII, §1)). 

The following lemma is ([5j, p. 167, 5.9). 

Lemma 8.2. Let U C C be connected and open and let {fn)n be a sequence in ff{U) such 
that no fn is identically zero. If ^^if^^-i^) ~ ^) converges absolutely and uniformly on 
compact subsets of U, then Yln>i fn{z) converges in i?{U) to an analytic function f{z). 
If zq is a zero of f, then zq is a zero of only a finite number of the functions fn, and the 
multiplicity of the zero of f at zq is the sum of the multiplicities of the zeros of the functions 
fn at Zq. 



Now we prove (jS.ip . 

Proof. Factorize Pn{^o, KQ,t) as Hj^iCl ~ (^njt) in C. Since RTc{^Oi Kq) is a convergent 
complex (j4.2n . the series Xln j converges. 
By (|6.5p we have 



Li^o,Ko,t) = H (J](l-a„,t)) 

n£Z j=l 



(_l)n + l 



as formal power series. To apply (|8.2p . take U to be the region C — {a„j ; n even}. Take the 
lexicographical order on the set of all factors 

1 — anjt, for n odd; , for n even. 

1 - anjt 

Each factor is an analytic function on U. The sum "X]n(/"('^) ~ ^)" here is equal to 



n odd,j n even,j 



Qnjt 



Olnjt 



Let 



EpiM, nodd, 
^"^ ^"lEr=i^^. nevem 



>j=l \l-a„jt\- 

We need to show that X^,„5n(0 is pointwise convergent, uniformly on compact subsets of 
U. Precisely, we want to show that for any compact subset B C U, and for any e > 0, there 
exists a constant Nb G Z such that 

gn{t) < e 

n<N 
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for all < Nb and t & B. Since gn{t) are non-negative, it suffices to do this for N = Nb- 
There exists a constant Mb such that \t\ < Mb for all t € -B. Since j \cinj\ converges, 
\cinj\ — > as n — 7- — oo, and there exists a constant Lb such that \anj\ < 1/{2Mb) for 
all n < L^. So 

9n{t) < 2y^Janjt\ 
i=i 

for all n < Lfi and t G B. There exists a constant Nb < Lb such that 

Y.\anj\<e/{2MB) 

n<NB j 

and hence 

Onjl < e. 

n<NB n<NB j uKNb j 

By (|8.2p . L{^Q, Ko,t) extends to an analytic function on U. By the second part of (|8.2p . 
the 's, for n even, are at worst poles rather than essential singularities, therefore the 
L-series is meromorphic on C. □ 

Now L{J^Q, KQ,t) can be called an "L- function" . 

9 Weight theorem for algebraic stacks 

9.1. We prove (II. 4p in this section. For the reader's convenience, we briefly review the 
definition of the dimension of a locally noetherian S-algebraic stack X from (|22j. chapter 
11). 

If X is a locally noetherian S-algebraic space and x is a point of X, the dimension 
dimx{X) of X at X is defined to be dim.x'{X'), for any pair {X',x') where X' is an S- 
scheme etale over X and x' € X' maps to x. This is independent of the choice of the pair. 
If / : X — )• y is a morphism of S-algebraic spaces, locally of finite type, and x is a point 
of X with image y in Y, then the relative dimension diuix^f) of / at x is defined to be 
dim^(Xy). 

Let P : X — )• be a presentation of an 5-algebraic stack X, and let x be a point of X. 
Then the relative dimension dimx{P) of P at x is defined to be the relative dimension at 
(x,x) of the smooth morphism of S'-algebraic spaces pr^^ : X Xx X ^ X. 

If is a locally noetherian S'-algebraic stack and if ^ is a point of X, the dimension 
of A:" at ^ is defined to be dim^{X) = dimx{X) — dima;(P), where P : X X is an 
arbitrary presentation of X and x is an arbitrary point of X lying over ^. This definition is 
independent of all the choices made. At last one defines dim A" = sup^ dim^ X. For quotient 
stacks we have dim[X/G] = dimX — dimG. 

Now we prove (II. 4p . 

Proof. If j : is an open substack with complement z : ^ — )• then we have an 

exact sequence 

^HJ}{^,j*^) HJ}{^,^) H^{^,i*^) ^ • • • . 

If both H^{'^,j*c^) and H^^{3f,i*,^) are zero (resp. have all t-weights < m for some 
number m), then so is H^{^ , Since the dimensions of and 2fo are no more than 
that of and the set of punctual i- weights of i*J^o and of j*^o is the same as that 
of ,^0, we may shrink to a non-empty open substack. We can also make any finite 
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base change on F^. To simplify notation, we may use twist (j2.4|) and projection formula to 
assume w = 0. As before, we reduce to the case when is geometrically connected, and 
the inertia f : ^ is flat, with rigidification vr : — ^ -'^O; where Xq is a scheme. 
The squares in the following diagram are 2-Cartesian: 



■ Autj^ 



BAut^ ^ BAut^ ^ JTq Spec ¥gv 



Spec F Spec F„. — ^ Xq 

We have {R^m^o)^ = H^{BAut^,^). Since / is representable and flat, and is con- 
nected, all automorphism groups Aut^. have the same dimension, say d. 

Assume ()1.4p holds for all BGq, where Go are Fg-algebraic groups. Then R^ttu^q = 
for k > —2d, and for k < —2d, the punctual t-weights of R^tt\,^o are < f — hence by 
([8], 3.3.4), the punctual t-weights of HI{X,R^t^^^) are < ^ — d + r. Consider the Leray 
spectral sequence 

^5^= = Hi{x,R^TT^,^) =^ Hi-^^isc:,^). 

If we maximize ^ — d + r under the constraints 

r + k = n, 0<r< 2dimXo, and k < —2d, 

we flnd that H^{^, ^) = forn > 2dimXo - 2d = 2 dim JTq, and for n < 2dim JTq, the 
punctual t- weights of HJ}{^,^) are < dimXo + f - d = dim + f • 

So we reduce to the case = BGq. The Leray spectral sequence for h : BGq — )• 
B-kq{Go) degenerates (by (14. 6p ) to isomorphisms 

H^{BTTo{G),R''hi^) ~ H^{BG,^). 

The fibers of h are isomorphic to BG^, so by base change and ()4.6p we reduce to the case 
when Go is connected. Let d = dim Go and / : -BGo — ?> Spec Fg be the structural map. In 
this case, = f*V for some Q^-representation V of W(¥q), and hence ^o and V have the 
same punctual i- weights. Using the natural isomorphism H^{BG) y ~ H''^{BG,J^), we 
reduce to the case when = Q^. In (I4.8.2[) we see that, if an, ■ ■ ■ , are the eigenvalues 
of F on iV*, i>l odd, then the eigenvalues of F on H~'^^~'^'^{BG) are 



'^'^ n "ij™'' ' ^^^^^ "^vi^ + 1) = 

Since z > 1, we have ^ iniij > k; together with \aij\ > q^^^ one deduces 



so the punctual t-weights of H~'^^~'^'^{BG) are < —k — 2d for A; > 0, and the other compactly 
supported cohomology groups are zero. 

It is clear from the proof and ([8j, 3.3.10) that the weights of H^{^ , ^) differ from the 
weights of ^0 by integers. 

Recall that H'^^{BG) is pure of weight 2k, for a linear algebraic group Go over F^ ([9j, 
9.1.4). Therefore, H~'^^~'^'^{BG) is pure of weight —2k — 2d, and following the same proof 
as above, we are done. □ 
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Remark 9.2. When = Xq is a scheme, and n < 2dimXo, we have dimXg + ^ + 
w > n + w, so our bound for weights is worse than the bound in ([8j, 3.3.4). For an ¥q- 
abehan variety A, our bound for the weights of H'^(BA) is sharp: the weights are exactly 
dim{BA) + ^, whenever the cohomology group is non-zero. 

We hope (jl.4p has some useful and interesting applications, for instance for generalizing 
the decomposition theorem of Beilinson-Bernstein-Deligne-Gabber (cf. [32]) to stacks with 
affine stabilizers, and for studying the Hasse-Weil zeta functions of Artin stacks over number 
fields. For instance, it implies that the Hasse-Weil zeta function is analytic in some right 
half complex s-plane. 

Using (jl.4p we can show certain stacks have Fg-points. 

Example 9.3. Let be a form of BGm, i.e., ^ = BG 

m,¥ over F. Then all the au- 
tomorphism group schemes in are affine, and /i~^~^"(j?r) = h~'^~'^^{BGm) = Ij for 
all n > 0. Let a_2-2n be the eigenvalue of F on /f~^~^"(j2r). Then by (jl.4p we have 
|o-2-2n.| < q^^^^. Smoothness is fppf local on the base, so is smooth and connected, 
hence H^^{^) = Q^(l) and a_2 = q'K So 

#=ro(F,) = Tr(F, //-2-2"(^)) = + a_4 + «_6 + • • • 

n>0 

> q'^ -q-'^ -q'^ + ... = q-^ - > 

q-1 

when g 7^ 2. In fact, since there exists an integer r > 1 such that F^r = BGm,¥qr, we 
see that all cohomology groups ff~^~^"(^) are pure, i.e. |a_2-2n| = q~^~^- 

In fact, one 03-11 classify tliG forms of as follows. If JTq is a form, then it is also a 

gerbe over Spec Fg, hence a neutral gerbe BGq for some algebraic group Gq by ([2j, 6.4.2). 
By comparing the automorphism groups, we see that Go is a form of Grrt,F, • There is only 
one nontrivial form of Gm,¥q, because 

H^{¥g,Ant{Gm)) = H\¥g,Z/2Z) = Z/2Z, 

and this form is the kernel ^^f. Gm,¥^2 norm map 

^¥^2/Vg'^m,¥^2 G-m,¥g, 

where Rf ^/f^ is the operation of Weil's restriction of scalars. Therefore, the only non- 
trivial form of BGm,¥q is B{R^ ^^f.^Gm,¥^2)- particular, they all have F^-points, even 
when q = 2. 

Example 9.4. Consider the projective line with the following action of Gm '■ it acts by 
multiplication on the open part C P^, and leaves the point oo fixed. So we get a quotient 
stack [P-'^/Gm] over ¥q. Let be a form of [P^/Gm]. We want to find an Fg-point on or 
even better, an Fg-point on which, when considered as a point in ,^(F) = [P-'^/Gm](F), 
lies in the open dense orbit [Gm/Gm](F). 

9.4.1. Consider the following general situation. Let Go be a connected Fg-algebraic group, 
and let Xq be a proper smooth variety with a Go-action over Fg. Let 

[Xo/Go] X BGo ^ Spec Fg 
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be the natural maps, and let be a form of [Xq/Gq]. Then / is representable and proper. 
For every k, R'^f^Qi is a lisse sheaf, and takes the form g*Vk for some sheaf Vk on Spec F^. 
Consider the Leray spectral sequence 

Since Wg^R'^fMi = R''g\ig*Vk) = (R^'g^e) (S) Vk, we have 

/ij^(^) = /i^([X/G]) < K{BG) ■ dimFfe = K{BG) ■ h''{X). 

r+k=n T+k=n 

Now we return to [PV^m]- Since h^{¥^) = h'^{¥^) = 1 and h-'^'{BGm) = 1 for i > 1, 
we see that /ij? (^) = for n odd and 



/if (^) < /l°(pl)/l2"(5G^) + /l2(pl)/i2n-2 



0, n > 1, 

1, n = 0, 

2, n < 0. 



Since is connected and smooth of dimension 0, we have H^{^) = Qg. By (jl.4p . the 
i-weights of are < 2n. The trace formula gives 



#^oi¥,) = j;Tr(F,i/f (JT)) = 1 + j;TV(F,i?f (JT)) 

n<0 n<0 
> 1 - 2 y = 1 ^ > 

^ a - 1 



n<0 

when g > 4. 

In order for the rational point to be in the open dense orbit, we need an upper bound for 
the number of Fg-points on the closed orbits. When passing to F, there are 2 closed orbits, 
both having stabilizer Gm,¥- So in [^(Fg)] there are at most 2 points whose automorphism 
groups are forms of the algebraic group G^^f, • From the cohomology sequence 

1 (< ./F G^,F,.)(IF.) — ^F* 

we see that #{R^ Gm,¥^2)(^q) = 9 + 1- Since -^j^ < the space that the closed 

orbits can take is at most and equality holds only when the two closed orbits are both 
defined over ¥g with stabilizer Gm- In order for there to exist an Fg-point in the open dense 
orbit, we need 

2 2 

^-—^>—V 

and this is so when q > 7. 



10 About independence of £ 

The coefficients of the expansion of the infinite product 

are rational numbers and are independent of i, because the Ct,(,^)'s are rational numbers 
independent of i. A famous conjecture is that this is also true for each Pi^£{^Q,t). First we 
show that the roots of Pi^£{J%^o,t) are Weil g-numbers. Note that Pi^£{J%^Q,t) € Qe[t]- 
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Definition 10.1. An algebraic number is called a Weil g-number if all of its conjugates 
have the same weight relative to q, and this weight is a rational integer. It is called a Weil 
g-integer if in addition it is an algebraic integer. A number in is called a Weil g-number 
if it is a Weil q-number via i. 

For a G Q^, being a Weil q-number or not is independent of i] in fact the images in C 
under various t's are conjugate. 

For an Fg-variety Xq, not necessarily smooth or proper, ([8], 3.3.4) implies all Frobenius 
eigenvalues of Hl{X) are Weil g-integers. The following lemma generalizes this. 

Lemma 10.2. For every ¥q-algebraic stack and a prime number i ^ p, the roots of each 
Pi,ii^Ojt) ore Weil q-numbers. In particular, the coefficients of Pi^i{^Q,t) are algebraic 
numbers in Qi (i.e. algebraic over Q). 

Proof. For an open immersion j : '^q ~^ ^0 with complement i : ^ — t- ^q, we have an 
exact sequence 

Hli^) Him Hi{^) ^ • • • ' 

thus we may shrink to a non-empty open substack. In particular, (110. 2p holds for algebraic 
spaces, by (dS], II 6.7) and ([8], 3.3.4). 

We may assume is smooth and connected. By Poincare duality, it suffices to show 
that the Frobenius eigenvalues oi are Weil g- numbers, for all i. Take a presentation 

Xq — >■ and consider the associated strictly simplicial smooth covering X' — > by 
algebraic spaces. Then there is a spectral sequence (p4^|, 10.0.9) 

and the assertion for follows from the assertion for algebraic spaces. □ 
Problem 10.3. Is each 

P^A^o,t) = det(l - Ft, Hi{^,Qe)) 

a polynomial with coefficients in Q, and the coefficients are independent of i? 

Remark 10.3.1. (i) Note that, unlike the case for varieties, we cannot expect the coeffi- 
cients to be integers (for instance, for BGm, the coefficients are !/<?*). 

(ii) (jl0.3p is known to be true for smooth proper varieties (|8], 3.3.9), and (coarse moduli 
spaces of) proper smooth algebraic stacks of finite diagonal (j7.3.2p . It remains open for 
general varieties. Even the Betti numbers are not known to be independent of i for a 
general variety. See [T7] . 

Let us give positive answer to (jl0.3p in some special cases of algebraic stacks. In §7 we 
see that it holds for BE and BGL^- We can generalize these two cases as follows. 

Lemma 10.4. ^0.3\) has a positive answer for 

(i) BA, where A is an ¥q-abelian variety; 

(ii) BGq, where Gq is a linear algebraic group overYg. 

Proof (i) Let g = dim A. Then N = H^{A) is a 2(7-dimensional vector space, with eigen- 
values ai, • • • , a2g for the Frobenius action F, and N is pure of weight 1. Let ai, • • • , a2g 
be a basis for N so that F is upper-triangular 

ai * * 
* 

a2g_ 
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Then H*{BA) = Sym*A^[— 1] = ^^[ai, • • • ,a2g], where each Oj sits in degree 2. In degree 
2n, H^'"{BA) = Q^(aii •••aj„|l < ii,--- ,in < 251), and the eigenvalues are a^^ •••aj„. By 
Poincare duahty 

we see that the eigenvalues of F on Hc'^^~'^^{BA) are 
Each factor 

P-2g-2n{q't) = J] (l - (Oi, • • • OiJ-^t) 

l<ii,--- ,in<'ig 

stays unchanged if we permute the a^'s arbitrarily, so the coefficients are symmetric poly- 
nomials in the a~^^s with integer coefficients, hence are polynomials in the elementary 
symmetric functions, which are coefficients of Hi^iC^ ~ '^7^)- "^^^ polynomial 

Y[{1 - ait) =det {I- Ft, H\A,Qi)) 

i=l 

also has roots a^^, and this is a polynomial with integer coefficients, independent of i, since 
A is smooth and proper. Let m = zizq^ be leading coefficient of it. Then 

■t=l i=l 

This verifies (fTOSD for BA. 

(ii) Let d = dimGo. For every A: > 0, H'^^{BG) is pure of weight 2k 9.1.4), hence 
by Poincare duality, H~^'^-^''{BG) is pure of weight —2d — 2k. The entire function 

llP-2d-2k{BGo,t)GQ[[t]] 



Z{BGo,t) 

is independent of £, and invariant under the action of Gal(Q) on the coefficients of the 
Taylor expansion. Therefore the roots of P-2d-2k{BGo,t) can be described as 

"zeros of — - that have weight 2d + 2k relative to g" , 
Z[BGo,t) 

which is a description independent of i, and these roots (which are algebraic numbers) are 
permuted under Gal(Q). Hence P-2d-2k{BGo,t) has rational coefficients. □ 

The following proposition generalizes both (j7.3.2p and (|10.4t il. 

Proposition 10.5. Let Xq be the coarse moduli space of a proper smooth ¥ q- algebraic stack 
of finite diagonal, and let Gq be a linear ¥q- algebraic group that acts on Xq, and let be 
a form of the quotient stack \Xq/Gq\. Then UP. 3\) is verified for Xq. 

Proof. It suffices to show that H^{X) is pure of weight n, for every n. To show this, we 
can make a finite extension of the base field F^, so we may assume Xq = [Xq/Gq]. Let 



Xq^BGq^Btto{Gq) 



be the natural maps. 
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Let d = dim Go . Consider the spectral sequence 

The £'2-terms can be computed from the degenerate Leray spectral sequence for h : 

The restriction of R^'^'^~'^^ h\R'' f\Qi along the natural projection Spec ¥g Bitq{Gq) 
is isomorphic to the Galois module H^'^'^^'^''' {BG^ , R^ frQi), and since Gq is connected, 
{R^ f]Qi)\^QO is the inverse image of some sheaf 14 via the structural map BGq — > Spec ¥q. 
By base change, we see that the sheaf Vk, regarded as a Gal(Fg)-module, is H^{X). By 
projection formula we have 

H-^d~^^{BG^, R^Me) - H-'^'^-'^'' {BG^) ® H^{X) 

as representations of Gal(Fg), and by (j7.3.2p . the right hand side is pure of weight —2d — 
2r + k. By (g^l), H-'^'^-'^' {BG,R^f^i) is also pure of weight -2d-2r + k, therefore il^(^) 
is pure of weight n, for every n. □ 

10.6. Finally, let us consider the following much weaker version of independence of L For 
and i G Z, let ^'(^O) ^) be the following property: the Frobenius eigenvalues of Hl{^ , Q^), 
counted with multiplicity, for all i p, are contained in a finite set of algebraic numbers with 
multiplicities assigned, and this set together with the assignment of multiplicity, depends 
only on and i. In particular it is independent of i. In other words, there is a finite 
decomposition of the set of all prime numbers i ^ p into disjoint union of some subsets, 
such that the Frobenius eigenvalues of Q^) depends only on the subset that i belongs 

to. If this property holds, we also denote such a finite set of algebraic numbers (which is 
not unique) by ^{^o,i), if there is no confusion. 

Proposition 10.6.1. The property ^{^o,i) holds for every and i. 

Proof. If ^0 is an open substack of with complement and properties ^'(^O)O and 
^{2fo,i) hold, then ^{^o,i) also holds, and the finite set ^{^o,i) a subset of U 

Firstly we prove this for schemes Xq. By shrinking Xq we can assume it is a connected 
smooth variety. By Poincare duality it suffices to prove the similar statement ^*{XQ,i) for 
ordinary cohomology, i.e. with replaced by H^, for all i. This follows from [6] and ([8], 
3.3.9). Therefore it also holds for all algebraic spaces. 

For a general algebraic stack by shrinking it we can assume it is connected smooth. 
By Poincare duality, it suffices to prove ^*{,!^o,i) for all i. This can be done by taking a 
hypercover by simplicial algebraic spaces, and considering the associated spectral sequence. 

□ 
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